Lecture Notes in Computer Science

Commenced Publication in 1973

Founding and Former Series Editors:
Gerhard Goos, Juris Hartmanis, and Jan van Leeuwen

Editorial Board

David Hutchison
Lancaster University, UK

Takeo Kanade
Carnegie Mellon University, Pittsburgh, PA, USA

Josef Kittler
University of Surrey, Guildford, UK

Jon M. Kleinberg
Cornell University, Ithaca, NY, USA

Friedemann Mattern
ETH Zurich, Switzerland

John C. Mitchell
Stanford University, CA, USA

Moni Naor
Weizmann Institute of Science, Rehovot, Israel

Oscar Nierstrasz

University of Bern, Switzerland
C. Pandu Rangan

Indian Institute of Technology, Madras, India
Bernhard Steffen

University of Dortmund, Germany
Madhu Sudan

Massachusetts Institute of Technology, MA, USA
Demetri Terzopoulos

University of California, Los Angeles, CA, USA
Doug Tygar

University of California, Berkeley, CA, USA
Moshe Y. Vardi

Rice University, Houston, TX, USA
Gerhard Weikum

Max-Planck Institute of Computer Science, Saarbruecken, Germany

4193



Thomas Philip Runarsson Hans-Georg Beyer
Edmund Burke Juan J. Merelo-Guervos
L. Darrell Whitley Xin Yao (Eds.)

Parallel Problem Solving
from Nature - PPSN IX

Oth International Conference
Reykjavik, Iceland, September 9-13, 2006
Procedings

@ Springer



Volume Editors

Thomas Philip Runarsson
University of Iceland, Reykjavik, Iceland
E-mail: tpr@hi.is

Hans-Georg Beyer
Vorarlberg University of Applied Sciences, Dornbirn, Austria
E-mail: hans-georg.beyer@thv.at

Edmund Burke
University of Nottingham, UK
E-mail: ekb@cs.nott.ac.uk

Juan J. Merelo-Guervos
ETS Ingeniera Informatica, Granada, Spain
E-mail: jmerelo@geneura.ugr.es

L. Darrell Whitley
Colorado State University, Fort Collins, Colorado, USA
E-mail: whitley @cs.colostate.edu

Xin Yao
University of Birmingham, CERCIA, Birmingham, UK
E-mail: x.yao@cs.bham.ac.uk

Library of Congress Control Number: 2006931845

CR Subject Classification (1998): F.1-2, C.1.2,D.1-3,1.2.8,1.2.6,1.2.11, 1.3
LNCS Sublibrary: SL 1 — Theoretical Computer Science and General Issues

ISSN 0302-9743
ISBN-10 3-540-38990-3 Springer Berlin Heidelberg New York
ISBN-13 978-3-540-38990-3 Springer Berlin Heidelberg New York

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, re-use of illustrations, recitation, broadcasting,
reproduction on microfilms or in any other way, and storage in data banks. Duplication of this publication
or parts thereof is permitted only under the provisions of the German Copyright Law of September 9, 1965,
in its current version, and permission for use must always be obtained from Springer. Violations are liable
to prosecution under the German Copyright Law.

Springer is a part of Springer Science+Business Media
springer.com

© Springer-Verlag Berlin Heidelberg 2006
Printed in Germany

Typesetting: Camera-ready by author, data conversion by Scientific Publishing Services, Chennai, India
Printed on acid-free paper SPIN: 11844297 06/3142 543210



Preface

We are very pleased to present this LNCS volume, the proceedings of the 9th
International Conference on Parallel Problem Solving from Nature (PPSN IX).
PPSN is one of the most respected and highly regarded conference series in evolu-
tionary computation and natural computing / computation. This biennial event
was first held in Dortmund in 1990, and then in Brussels (1992), Jerusalem
(1994), Berlin (1996), Amsterdam (1998), Paris (2000), Granada (2002), and
Birmingham (2004). PPSN continues to be the conference of choice by researchers
all over the world, who value its high quality.

We received 255 paper submissions this year. After an extensive peer review
process involving more than 1000 reviews, the programme committee selected
the top 106 papers for inclusion in this volume and, of course, for presentation
at the conference. This represents an acceptance rate of 42%.

The papers included in this volume cover a wide range of topics, from evo-
lutionary computation to swarm intelligence and from bio-inspired computing
to real-world applications. They represent some of the latest and best research
in evolutionary and natural computation. Following the PPSN tradition, all pa-
pers at PPSN IX were presented as posters. There were 7 sessions: each session
consisting of around 15 papers. For each session, we covered as wide a range of
topics as possible so that participants with different interests could find some
relevant papers in every session.

The conference featured three distinguished keynote speakers: Herschel Ra-
bitz, Nadia Busi, and Edward Tsang. Their backgrounds in chemistry, theoret-
ical computer science, and financial engineering, respectively, reflect the inter-
disciplinary nature of PPSN IX. Herschel Rabitz’s talk was on “Controlling
Quantum Phenomena: The Dream Is Alive”, Nadia Busi’s was on “Comput-
ing with Calculi and Systems Inspired by Biological Membranes”, and Edward
Tsang’s was on “Wind-tunnel Testing for Strategy and Market Design”. Both
Edward Tsang and Nadia Busi gave introductory tutorials related to their talks.
Furthermore, Nadia Busi is the co-author of some notes on (Mem)Brane Com-
putation included in this volume. We are very grateful to them for contributing
valuable time from their busy schedules.

PPSN IX included 10 tutorials and 4 workshops. We were extremely fortunate
to have such an impressive list of internationally leading scientists from across
natural computing as tutorial speakers. They provided an excellent start to the
five-day event. The workshops offered an ideal opportunity for participants to
explore specific topics in natural computing in an informal setting. They were
sowing the seeds for the future growth of natural computing.

To encourage and reward high-quality research in the international commu-
nity, PPSN IX presented a Best Paper Award. All accepted papers were eligible
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to enter the competition. A separate Best Student Paper Award was also given
at the conference.

The success of a conference depends on its authors, reviewers and organizers.
PPSN IX was no exception. We are grateful to all the authors for their paper
submissions and to all the reviewers for their outstanding work in refereeing the
papers within a very tight schedule. We relied heavily upon a team of volunteers
to keep the PPSN IX wheel turning. We are very grateful for their efforts.

September 2006 Thomas Philip Runarsson
Hans-Georg Beyer

Edmund Burke

Juan Julidn Merelo Guervos

Darrell Whitley

Xin Yao
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Abstract. Spatio—temporal fitness landscapes that are constructed from
Coupled Map Lattices (CML) are introduced. These landscapes are an-
alyzed in terms of modality and ruggedness. Based on this analysis, we
study the relationship between landscape measures and the performance
of an evolutionary algorithm used to solve the dynamic optimization
problem.

1 Introduction

In theoretical studies of evolutionary algorithms, concepts of fitness landscapes
have shown to be a useful tool [I7JT4T6). A fitness landscape assigns fitness
values to the points of the search space through which the evolution moves.
This search space can be constructed by a genotype—to—fitness mapping or more
generally by encoding the set of possible solutions of an optimization problem
to form a representation space for which additionally a neighborhood structure
needs to be defined. Typically, the topology of the search space is considered to
be constant over the run-time of the evolutionary algorithm and hence such a
fitness landscape is a static concept.

As dynamic optimization turned more and more into an important topic in
evolutionary computation [I7I2I9U6/T9], it became desirable to have concepts
of fitness landscapes in dynamic environments as well. Whereas recent results
have shown that such an approach is useful to characterize and classify types
of dynamic landscapes [5], there is a certain lack of environments that show
sufficiently complex structure in both spatial topology and temporal dynamics.
In this paper, such spatio-temporal fitness landscapes are introduced and it is
shown how these landscapes can be constructed from spatio—temporal dynamical
systems, namely from Coupled Map Lattices (CML). CML have been the subject
of intensive research, which revealed a broad variety of spatio—temporal behavior,
including different types of pattern formation, spatio—temporal chaos, quasi—
periodicity and emergence [813].

In the next section, a methodology to construct spatio-temporal fitness land-
scapes from CML is given. In Sec. [ these landscapes are analyzed in terms of
modality and ruggedness. Further, quantifying measures such as the number of
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optima and the correlation structure are studied. In Sec.  factors contributing
to problem hardness in dynamic optimization like change frequency and dynamic
severity are reviewed. Numerical experiments using an evolutionary algorithm
to optimize in the spatio-temporal fitness landscape are reported in Sec. [l In
the final section, the findings are summarized and conclusions are drawn.

2 Constructing Spatio—temporal Fitness Landscapes

Constructing spatio—temporal fitness landscapes should begin with defining a
spatio—temporal dynamical system. Therefore, we lay out a lattice grid with
I x J equally sized cells, which form a 2D-structure. For every discrete time
step k, k=0,1,2,..., each cell is characterized by its height

h(i7j7k)7 1:21727""]’ j:1727""J7 (1)

where 7, j denote the spatial indices in vertical and horizontal direction, respec-
tively, see Fig.[Il This height h(%, j, k), which we will interpret as fitness according
to the geometrical metaphor of a fitness landscape, is subject to changes over
time, which are described by the two—dimensional CML with nearest—neighbor
coupled interaction [83]

R,k +1) = (L= 9g(h(i,5, k) + 5 | 9 (h(i = 1,5, k)

+9(h(i+1,5,k)) + g (h(i,j = 1,k)) +g (h(i,5 +1,k)) } ; )

where g(h(i,j,k)) is a local mapping function and e is the diffusion coupling
strength. In other words, as h(i, j, k) denotes the height of the h(i, 7)—th unit bar
situated in the (i, j)-lattice cell at time step k, Eq. (2)) describes how this height
changes over time depending on its own height and the heights of the surrounding
bars, see Fig.[Th. The CML is initialized by the heights h(i, j, 0) being realizations
of a random variable uniformly distributed on [0, 1]. To complete the definition
of the CML (2)), we employ the logistic map

as mapping function and render the period boundary conditions
h(‘[+]‘7j7k) :h(17j7k)7 h(i7‘]+]‘7k):h(i’1’k)' (4)

To summarize, the CML is a spatio—temporal dynamical system with discrete
space (lattice) and time (map). The system’s states, which we interpret as
heights, are continuous and situated on the lattice. They dynamically inter-
act with surrounding states via the nonlinear map (B)). The spatio—temporal
behavior of the CML depends on two parameters, the coupling strength ¢ and
the nonlinear parameter a.. These parameters span a parameter space in which
different regions represent different types of spatio-temporal behavior. In this
paper, we focus on the parameter e.

Based on this description of a spatio—temporal dynamical system, we for-
mulate the spatio—temporal fitness landscape. Therefore, we project the lattice
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h(i..K)

Fig. 1. Coupled map lattice: a) Generic structure. b) Spatio-temporal fitness landscape
for I = J =9 and s1 = s2 = 0.5.

cells on a zero plane and introduce scaling factors s1,s2 € R for the vertical
and horizontal extension. By these scaling factors, we convert the integer search
space to a real value search space with step function characteristics, see Fig. [Ib.
The s; can additionally be used to adjust severity of the dynamic optimization

problem to be solved. Next, we define the search space variable x = (z1, xg)T,
impose a rounding condition, so that ([s1z1], [s222] )T = (i,j)T and find the
spatio—temporal fitness function for the two-dimensional CML (2):

h([siz1], [saw2], k) for ii [[j;‘:ﬂ §§ k>0 5)

0 otherwise

f(mvk) =

The dynamic optimization problem is

maIR)Z( f(l’,k) = 1<[I§1%Xw<1h(|—51131-|, |—82l’2-|,k), k > 0 (6)
e e

and solving it yields the solution trajectory

zs(k) = argmax f(x,k) = arg max _ h([siz1], [s222], k), k > 0, (7
g
which we intend to find using an evolutionary algorithm.

The given construction of spatio—temporal fitness landscapes has the advan-
tage that spatial topology and temporal dynamics are generated by the same
system. No external driving system for inducing dynamics is required. The given
formulation of a spatio—temporal fitness landscape is valid for a two—dimensional
search space. An extension to n—dimensional search spaces is possible using the
given framework and employing n—dimensional CML, see e.g. [I3]. In addition,
we only considered flat heights on the lattice cells. A generalization can be
achieved by introducing morphological structures on the cell tops.

3 Properties of Spatio—temporal Fitness Landscapes

In order to evaluate the performance of an evolutionary algorithm in a spatio—
temporal fitness landscape, we need a notion of how difficult a certain landscape
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is to optimize in. This question is addressed by concepts and quantifiers for
measuring fitness landscapes. For static landscapes, this topic has been studied
intensively, e.g. [I8/4I6]. In the following, we adopt and modify these results to
measure spatio—temporal fitness landscapes.

First, we look at the modality of the landscape by measuring the number of
local maxima. Despite the continuous search space of the spatio—temporal fitness
landscape (@), the local maxima need to be described within the framework of
local optima in discrete search spaces. A local optimum is a solution optimal
within a neighboring set of solutions, which is the same as in combinatorial
optimization problems [I0], p. 7. The neighborhood structure we consider here
are the surrounding heights. That means the neighborhood structure N (i, j) of
the (4, 7)-th lattice cell is

N(i,j) = (i + B, +6),
(8,6) = (=1,—1) A (=1,0) A (=1,1) A (0, —1) A (0,1) A (1, —1) A (1,0) A (1,1).

Here, (i,§)T = ([s121], [s222])" . Hence, the fitness function possesses a local
maximum at the time & if

h(i, j, k) = h(N (i, 5), k). (8)

Due to the countable number of lattice cells, the number of local maxima can be
determined by enumeration. We denote #p s (k) the number of local maxima at
time k. As a spatio—temporal fitness landscape changes over time, the number of
local maxima needs not to be constant. Therefore, we consider its time average:

(#rm(k)) = 1£IIW§Z#LM 9)

To get an approximate value of the time average number of local maxima, the
K—1

(#rm(k)) is replaced by #rm = + > #rm(k) with K sufficiently large. In
k=0

Figs. Bh,c,e the average number of maxima is given for different ¢ and different
lattice sizes. Here, as well as in the following experiments, we fix o = 3.999 and
consider varying €. We see that the number of maxima increases steadily with
increasing lattice size and that this occurs symmetrically in the vertical as well
as in the horizontal direction identified by I and J. For smaller €, this increase is
steeper than for larger values. On the other hand, for varying e there is no clear
trend as to how the number of maxima scales with it, but there are also sections in
the e-parameter space (for instance 0.3 < e < 0.9) for which a proportional rela-
tion can be observed. Next, we determine the ruggedness of the spatio—temporal
fitness landscape modelled by the CML. A standard procedure to assert rugged-
ness of fitness landscapes is to analyze its correlation structure. This method
works by performing a random walk on the landscape and calculating its ran-
dom walk correlation function. For the spatio—temporal fitness landscape (&), this
starts with generating a time series h(r, k) = h(i(7),j(7),k), 7 =1,2,...,T, of
the heights h([s121], [s2w2], k) with (i,5)T = ([s121], [s222])" . For performing
the random walk, we create two times T' independent realizations of an integer
random variable uniformly distributed on [—1,1]. Starting from an initial cell,
the next cell on the walk is obtained by adding the two independent realizations
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Fig. 2. Average number of local maxima #rn and average correlation length A with
a = 3.999 for K = 1500 and 7" = 100000

of the random variable to the current cell index (¢, j). In addition, the boundary
condition (@) is observed. The random walk in the two spatial dimensions as
specified by i(7),j(7) yields the needed time series on the spatio-temporal fit-
ness landscape by recording the heights h(7, k) = h(i(7),j(7), k) at time k. For
this time series the spatial correlation can be calculated. The spatial correlation
is widely used in determining ruggedness of static landscapes [I8J4UT5]. It is an
estimate r(tr,, k) of the autocorrelation function of the time series with time lag
tr, also called random walk correlation function:




6 H. Richter

12
a5 ©
11
OO
a0F ¢ o
10
asl °ol=J=20
o o
< o *1=J=16 9
L * . ]
30} N oo ol=J=12 4 N ., *******H*;****: e ® H e e
w °
S oosf %« o 4 o 8 A
hd - . °
- °
20 * ° © o, 7
* o 00 o [ o 0000400006000 |
© 00 50 00 ,00090000 o o
15F og @ e, . © 00wy o ©000f To000 o
F oo N ", s
10F ° eoo * o g —e— I=J=20
°
Al ° ° © %0 000000m ouy As *-- 1=J=16
leo ° 1=J=12
o 4
(9 0.5 1 15 2 25 3 35 4 (9 0.2 0.4 0.6 0.8 1
A €
a) b)

Fig. 3. a) Correlation between number of maxima and autocorrelation. b) Severity o
for (i, /)" = ([21], [z2])".

_ T
where h(k) = % 3 h(7, k) and T > t1, > 0. The spatial random walk correlation
T=1

function measures the correlation between different regions of the fitness land-
scape for a fixed k. As r(ty, k) changes over time, we consider its time average
(r(ty, k)), for which we calculate numerically an approximated value 7(tr,), sim-
ilarly as for the average number of maxima. It has been shown that ruggedness
is best reflected by the correlation length [I5]

A= —1/In (jr(1). (11)

This quantity is given for the spatio—temporal fitness landscape, see Figs. 2b,d.f.
The lower the values of A are, the more rugged the landscape is. For varying €, the
correlation length scales in a similar manner as the number of maxima, compare
Fig. 2h. Increasing lattice sizes lead to a small increase of A only, see Figs. 2d.f.
Also, for smaller values of ¢, the correlation length is distributed smoother on
the I — J-lattice size plane.

Fig. Bh shows ruggedness measured by the correlation length versus modality
measured by the number of maxima. This also serves as a test on the relationship
between modality and ruggedness. The results show that there is an exponential
dependency between correlation length A and the number of maxima #rp s,
which is also clearly distinct for different lattice sizes.

4 Problem Hardness in Dynamic Optimization

Optimization in spatio—temporal fitness landscapes is in essence dynamic op-
timization. In dynamic optimization, it is generally understood that problem
hardness depends not only on the problem difficulty of the landscape but also
on features of the involved dynamics [2/9]. The most prominent features are the
(relative) speed of the landscape changes, which is expressed by change frequency
and the (relative) strength of the landscape changes, which can be attributed by
dynamic severity. Both quantities are briefly recalled. The optimization problem
() can be solved by an evolutionary algorithm with real number representation
and p individuals a € R?, which build the population P € R?*#, The dynamics
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Table 1. Settings of the evolutionary algorithm and the numerical experiments

Design parameter Symbol Value||Setting Symbol Value
Population size n 50 Number of considered runs R 150
Initial population width w? 5 Generations in a run T 1500
Base-mutation rate bm 0.1 |Eq. @) e 3.999
Hyper-mutation rate  hm 30 Severity scaling s=s51=s521

of such an evolutionary algorithm can be described by the generation transition
function ¢ : R2X# — R2*# see e.g. [1], pp. 64-65. The generation transition
function includes the genetic operators selection, recombination and mutation.
It generates the movement of the population within the fitness landscape by
transforming a population at generation ¢t € Ny into a population at generation
t+1,

P(t+1) =4 (P(t)), t>0. (12)
Here, ¢ represents a discrete time variable, as k does for the spatio—temporal
fitness function (B)). In dynamic optimization, both time scales can be related
to each other by the environmental change period v € N (cf. [I1]). Between
the frequency of the changes in the population and that of the dynamic fitness
landscape, we find

t = k. (13)

A second prominent factor in problem hardness of dynamic optimization is dy-
namic severity [I7/12], which measures the (relative) magnitude of the changes
in the landscape by comparing k to k+ 1. In terms of the spatio—temporal fitness
landscape considered here, severity means to evaluate the distance between the
largest height before and after a change. Hence, severity can be calculated

ok+1) = [zs(k+1) —zs(k)], (14)

where zg(k) is the solution of the dynamic optimization problem (). As this

quantity may vary with time &, we focus on the time average severity (o(k)) =
K=1

Kh_r)rloo% kz::Oo'(k). For the solution trajectory (), we obtain (c(k)) = o-/s% + s3,

where ¢ is severity for (i,7)7 = ([1], [z2])". The quantity ¢ is shown in Fig.
Bb and can be regarded as almost constant for a given lattice size and a large
majority of values of e. Hence, severity of the optimization problem can be
adjusted by s; and sso.

5 Evolutionary Optimization

We now give experimental results on evolutionary optimization in spatio—tempo-
ral fitness landscapes modelled by CML. The performance of the evolutionary
algorithm is examined depending on problem difficulty expressed by change fre-
quency, severity and landscape measures as modality and ruggedness. The nu-
merical experiments have been conducted with an evolutionary algorithm that
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Fig. 4. Performance specified by the MFE with € = 0.5 and I = J = 16 for different ~
versus: a) Population size u for severity scaling s = 1. b) Severity scaling s for p = 50

uses real number representation, fixed population size, tournament selection with
tournament size 2, fitness—based recombination and base— as well as hyper—
mutation. The initial population is created by realizations of a random variable
normally distributed on [0, w?]. Tab. [l summarizes the design parameters of the
algorithm together with settings for the numerical experiments. The performance
of the algorithm is measured by the Mean Fitness Error (MFE)

R

1
MFE:EZ

r=1

% > <f (zs,t/v) —max f (a, t/v))] ; (15)

t=1

where f (z4,t/7) is the maximum fitness value at generation ¢, max fa,t/v) is
ac

the fitness value of the best individual a € P at generation ¢, T is the number
of generations used in the run, and R is the number of consecutive runs.

In a first experiment, we look at the design parameter population size p and
its scaling with the MFE, see Fig. dh. Here, as well as in the following figures the
MFE together with its 95% confidence interval is given. We see an exponential
decrease of the MFE with increasing p and a clear distinction between different
environmental change periods -y, which is a typical result for dynamic optimiza-
tion [911]. Next, the MFE depending on dynamic severity for s = s1 = sg is
given, see Fig. @b. We observe a steep increase of the MFE for values of s get-
ting smaller, which means for larger dynamic severity. Again, this is in agreement
with previous findings [I7IT2].

In a next set of experiments, we study how the landscape measures modality
and ruggedness relate to the MFE, see Fig.[Al These results stem from calculating
the MFE for different values of ¢, given in Fig. Bh. The results are the MFE for 150
runs and again the 95% confidence intervals are shown. Note that the intervals
are small so that this MFE represents a good approximation of the long—term
behavior. In the Figs. Bb,c the MFE is shown depending on the number of
maxima #r,; and the correlation length A. Within certain bounds of # s and
A, we observe that the MFE gets gradually smaller with an increasing number
of maxima, while it gets larger with increasing correlation length. This trend is
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maxima #rn. ¢) Correlation length . d) Correlation between the MFE and # 1, A.

particularly visible for larger environmental change periods «y. Also, within these
bounds, - is the leading factor in performance. For very large values of #,5; and
very small values of A, this relation vanishes. Finally, we consider the correlation
between the MFE and #p,5s, denoted by p(M FE, #1,), and between the MFE
and A, denoted by p(MFE,\), respectively, depending on ~. We notice that
both correlations decrease with increasing . This indicates that the correlation
between the landscape measures and the performance gets weaker for increasing
~. For change frequency being in general the leading factor in the algorithm’s
performance, this can be interpreted as follows: a large number of maxima and
a high ruggedness does not influence the performance strongly for the algorithm
having enough time to search for the maxima. On the other hand, for small -,
these landscape measures clearly determine the performance.

6 Conclusions

In this paper, spatio—temporal fitness landscapes constructed from Coupled Map
Lattices were introduced. These dynamic landscapes were analyzed in terms of
modality (number of optima) and ruggedness (correlation structure). Based on
these results, the relationship between landscape measures and the performance
of the evolutionary algorithm used to solve the dynamic optimization problem
was studied.
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The results show that the landscape measures modality and ruggedness scale

with the algorithm’s performance and hence allow its prediction. In particular,
for small change frequencies, we find a strong correlation between the perfor-
mance and landscape measures, that is, modality and ruggedness. For larger
change frequencies, this correlation ceases as the algorithm is more likely to find
the optimum despite the problem hardness induced by the landscape.
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Abstract. The ridge function class is a parameterised family of test
functions that is often used to evaluate the capabilities and limitations of
optimisation strategies. Past research with the goal of analytically deter-
mining the performance of evolution strategies on the ridge has focused
either on the parabolic case or on simple one-parent strategies without
step length adaptation. This paper extends that research by studying the
performance of multirecombination evolution strategies with cumulative
step length adaptation for a wide range of ridge topologies.

1 Introduction

It has been conjectured that ridge following is a recurring task in numerical op-
timisation. According to Whitley et al. [13], while the difficulties of optimising
ridges “are relatively well documented in the mathematical literature on deriva-
tive free minimization algorithms [. . .], there is little discussion of this problem in
the heuristic search literature”. For evolution strategies in particular, a number
of recent publications provide results that partly fill this gap.

In early work, Herdy [8] observes that mutative self-adaptation yields signifi-
cantly suboptimal step lengths on the parabolic ridge, and that it fails altogether
on the sharp ridge. He shows empirically that hierarchically organised strategies
fare much better at generating useful step lengths. The performance of a sim-
ple hierarchically organised strategy on the parabolic ridge has recently been
analysed in [2].

Oyman et al. [IT}, [12] 10] analytically study the performance of the (u/u, \)-
ES on the parabolic ridge. (See [5] for a comprehensive introduction to evolution
strategies and the related terminology.) Recently, Arnold and Beyer [I] have
extended that work by considering both the effects of noise and the performance
of cumulative step length adaptation. Another extension of the initial work of
Oyman et al. has been provided by Beyer [3] who considers more general ridge
topologies, albeit only for one-parent strategies and without considering step
length adaptation.

This paper analytically studies the performance of the (u/u, A)-ES with cu-
mulative step length adaptation for the ridge function class considered in [3].
It generalises the results in that reference by considering multirecombinative

T.P. Runarsson et al. (Eds.): PPSN IX, LNCS 4193, pp. 1120} 2006.
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strategies as well as cumulative step length adaptation. Moreover, it succeeds
in analytically computing optimal parameter settings. This paper extends the
work in [I] by considering more general ridge topologies. The results presented
here thus represent a further step toward an understanding of the potential and
the limitations of evolution strategies when optimising ridge functions. They are
particularly interesting as they allow comparing step lengths generated using
cumulative step length adaptation with optimal step lengths.

2 Algorithm and Objective Function

This section outlines the strategy considered in this paper and describes the
ridge function class.

2.1 The (pu/p, A)-ES with Cumulative Step Length Adaptation

The (u/p, A)-ES with isotropically distributed mutations is an evolution strategy
used for the optimisation of functions f : RN — IR. In every time step it
computes the centroid of the population of candidate solutions as a search point
x € RN that mutations are applied to. Using cumulative step length adaptation
as proposed by Ostermeier et al. [9], a vector s € IR" that is referred to as the
search path is used to accumulate information about the directions of the most
recently taken steps. An iteration of the strategy updates the search point along
with the search path and the mutation strength of the strategy in five steps:

1. Generate ) offspring candidate solutions y(¥ = x+0z®,i=1,...,\, where
mutation strength o > 0 determines the step length and the z(9) are vectors
consisting of N independent, standard normally distributed components.

2. Determine the objective function values f(y(*)) of the offspring candidate
solutions and compute the average

14

Love) _ 1 3 g (1)
® k=1

of the yu best of the z(¥). The index k; A refers to the kth best of the X offspring
candidate solutions. Vector z(V8) is referred to as the progress vector.
3. Update the search point according to

X — X + 0z™8), (2)
4. Update the search path according to
s — (1 —c)s + /uc2 — c)z*v8) (3)

where the cumulation parameter c is set to 1/v/N.
5. Update the mutation strength according to

2_N
0 — Texp (%) (4)

where damping parameter D is set to v N.

See [1] for a more thorough discussion of the algorithm and its parameters.
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2.2 The Ridge Function Class

The class of objective functions considered throughout this paper is

N a/2
f(X):l'l—d(ZfE?) ’ X:<.’E1,...,(EN>€RN (5)
=2

where d > 0 and a > 1. The z;-axis is referred to as the ridge axis. Notice that
while in the definition used here the ridge axis is aligned with an axis of the
coordinate system, that fact is irrelevant for a strategy that uses isotropically
distributed mutations such as those considered in the present paper. The coor-
dinate system could be subjected to an arbitrary rotation without affecting the
strategies’ performance. The parameter « is referred to as the topology parame-
ter. Ridges with o = 2 are referred to as parabolic ridges. The sharp ridge with
a = 1 requires extra care when using normalised variables and is not directly
included in the considerations below due to space restrictions. However, it can
be handled easily using the approach pursued here and indeed occurs as a limit
case. Finally, as in [111 [12] 10 B [, the performance of evolution strategies on
ridge functions is quantified by the progress rate

¢ =B [oz"?] (6)

i.e., the expected progress of the search point in the direction of the ridge axis
in a single time step.

3 Performance

This section first briefly discusses the general methodology of the approach pur-
sued in this paper. It then considers the case that the step length of strategy is
static and derives optimal parameter settings. Finally, the case of adaptive step
length is discussed.

3.1 Preliminaries

The performance of the (u1/p, A)-ES with cumulative step length adaptation has
been studied in [I] for the parabolic ridge. The approach to the analysis for
more general ridge topologies is closely analogous. Due to the symmetries of the
ridge, the state of the evolution strategy can be described by a small number of
variables. The algorithm described in Section 2] defines a stochastic mapping of
those variables. After initialisation effects have faded, several state variables have
a stationary limit distribution. Approximate average values of that distribution
can be determined by replacing all quantities with their expected values (thus
rendering the stochastic mapping deterministic) and finding a fixed point. Fur-
ther simplifications are made by assuming that the search space dimensionality
is high and dropping any terms from the calculations that disappear in the limit
N — oo. Simulations are used to evaluate the accuracy of the approximations.
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Letting x2. .y = (0,x2,...,2n) denote the projection of the search point
onto the plane with z; = 0, throughout this paper R = ||x2.. n| denotes the
distance of the search point from the ridge axis. Central to the analysis of the
performance of evolution strategies on ridge functions is a decomposition of
mutation and progress vectors into three mutually orthogonal components z1,
za, and zp. Vector z; = (21,0, ...,0) points in the direction of the ridge axis and
is referred to as the axial component of z. Letting zo. n = (0, 22, ..., 2n), scalar
quantity z4 = —Xo. N - Zo.. N /R is the signed length of the central component
za = —zaXa. N/ R of vector z that points from the search point toward the ridge
axis. Vector zp equals z2. v — z4 and is referred to as the lateral component
of z. Altogether, z =z, + z4 + zp. See [I] for an illustration.

3.2 Static Step Length

Consider the fitness of an offspring candidate solution y = x + oz. Using the
definitions of z4 and zo.__y, it follows from Eq. (@) that

=2

N a/2
fly)=x14+0z1—d (Z(mz + O'Zi)2>

=1 +0z1 —d (R2 —2Roza + O'2||Z2,”N||2)a/2.

(7)
As z is a mutation vector, ||z, n||? is x%_-distributed and has mean N — 1
and variance 2(N — 1). As the distribution of mutation vectors is isotropic, z4
is standard normally distributed. Let us assume that

R>oVN. (8)

It will be seen below that for given mutation strength o the resulting stationary
distance R of the search point from the ridge axis is such that with increasing IV,
O’\/N/R tends to zero, thus providing an a posteriori justification for Eq. (g).
Under the assumption, the first term in the parentheses in Eq. () dominates
the other two. The power term can thus be expanded into a Taylor series with
terms beyond the linear one ignored, yielding

—00 o [0 a—
f(y) N> o 402 —d (R - §R >(2Roza — 02||zz___N||2)>
d
= f(x)+ 021 +adR* tozg — %Ra_20'2||Z2___N”2. (9)

Again using the assumption Eq. (8), for large N the variance of the term involv-
ing ||zo.. n||? disappears relative to that involving z4, and it is possible to treat
the former as a constant. The two variable terms (those involving z; and z4)
are both normally distributed due to the way that mutation vectors are gener-
ated. Selection ensures that those p candidate solutions with the largest values
of 21 + adR* 124 survive. The signed lengths z; and z4 of the axial and central
components of the mutation vectors are thus concomitants of the order statistics
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that result from ranking offspring candidate solutions according to their fitness.

(See [6] for an introduction to concomitants of order statistics.) According to

Eq. (@), the axial, central, and lateral components zgavg), z(fvg), and zgvg) of

the progress vector are the averages of the respective components of the selected
mutation vectors. The following lemma that has previously been used in [I] is
thus immediately applicable:

Lemma 1. Let X; = Y; +9Z; for i = 1,..., )\, where the Y; and the Z; are
independently standard normally distributed. Ordering the sample members by
nondecreasing values of the X variates, the expected value of the arithmetic mean
of those v of the Y; with the largest associated values of X; is

1 - C /1A
E|=) Yijig| =2
2 N
where Yj.x denotes the concomitant of the jth order statistic and where c,,, x is
the (p/p, N)-progress coefficient defined in []).

Specifically, with Y = 21, Z = z4, and 9 = p®~!, where p = (ad)"/(*~DR
denotes the standardised distance of the search point from the ridge axis, it
follows from the lemma that

E [z(avg)] Nooo  Cp/wr (10)
1 1+ p2@—D

Similarly, with Y = 24, Z = 21, and 9 = 1/p*~! it follows that

a—1
E [Z@wg)] Nooo Spfudl (11)
A 1+ p2@—D

Both equations are generalisations of the corresponding results for « = 2 ob-
tained in [1]. Finally, as noted above, the influence of ||z2_ n||? on the relative
fitness of the resulting offspring tends to zero as N increases. (The variance of the
term involving ||z2. x||? in Eq. @) disappears compared to that involving z4.)
For N — oo, zgvg) is thus the average of p uncorrelated random vectors. As
seen in [4], averaging p uncorrelated random vectors reduces the squared length
of the vectors being averaged by a factor of 1/u. Furthermore, the relative con-
tribution of the central component z(*® to [|25™V8)|2
result,

vanishes for large N. As a

(12)

llzs N II* ik Nooo 1
N 7

The same result has been used in [I]. Together, Eqs. [I), (II]), and (IZ) provide
a description of the progress vector that is sufficient for obtaining a characteri-
sation of the stationary state attained by an evolution strategy with stationary
step length when tracking a ridge.
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According to Eq. (@), the squared distance of the next time step’s search point
from the ridge axis is

N 2
> (w4 02™) = B2 = 2R + 22
=2

In order for stationarity to hold, the expected distance of the search point from
the ridge axis must not change, yielding condition

2RoE [:§0] = 0B 1257917

Introducing normalised mutation strength o* = o N (ad)/(*= /(uc, /. »), using
Egs. (II) and ([I2), and squaring both sides yields after some simple transfor-
mations condition

4p2a _ 0_*2 (1 + p2(a—1)) ) (13)

For given mutation strength, Eq. (I3) can be used to determine the resulting
average distance of the search point from the ridge axis. While for &« = 2 an
analytical solution can be found (and has been presented in [I]), in general,
solutions need to be obtained numerically.

From Egs. (@) and (I0) with normalisation ¢* = wN(ad)l/(afl)/(uci/#A),
the stationary normalised progress rate on the ridge is

*

L — (14)

/1 + p2(a71)

Figure [l compares predictions from Eqgs. (I3) and (I4)) with measurements from
runs of evolution strategies. The measurements have been made with the search
point of the evolution strategy initialised to lie on the ridge axis. The simulations
have been run for 40N time steps in order to reach the state where the distance
from the ridge axis is stationary on average. Then, p and ¢* have been averaged
over a period of 40000 time steps. It can be seen from the figure that the quality
of the predictions is quite good and that it improves with increasing N. While
the measurements have been made using d = 1, the choice of normalisations of
the mutation strength and of the progress rate ensures that a different choice of
d is nothing more than a uniform scaling of the search space. For any a > 1,
the accuracy of the measurements in Fig. [l is in fact independent of the choice
of d. This is not true for the case of @ = 1 which is not included in the above
considerations due to the degeneracy of the normalisations used. However, for
d = 1 it can be considered as a limit case and has been included in the figure
for comparison. Finally, notice that the search space dimensionality N does not
appear explicitly in Eq. [I3). For ¢* > 0 and the value of p that solves the
equation, the quotient o* /p takes on a finite value. As a consequence, it follows
from reversing the normalisations of the mutation strength and the distance from
the ridge axis that Eq. (8) indeed holds.
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Fig. 1. Standardised distance p from the ridge axis and normalised progress rate ¢*
plotted against normalised mutation strength ¢*. The points mark measurements made
in runs of the (3/3, 10)-ES for N = 40 (4) and N = 400 (x). The lines represent predic-
tions obtained by numerically solving Eq. ([I3) for p and using Eq. (I4]) to compute ™.

3.3 Optimal Step Length

Interestingly, optimal settings of the mutation strength and the resulting progress
rate can be determined analytically even though Eq. (I3]) can generally only be
solved numerically. Using Eq. [I3]) to eliminate o* in Eq. (Id]) yields

__ 2"

T 14 p2e

*

14

Computing the derivative

de*  20p° 11+ p2@=D)) — 4(q — 1)p3le—D
dp (1 + p2(a—D)2

and demanding that it be zero yields condition

! (1 + p2(a71)> =2(a— 1)p*@D

that must hold for maximal progress. Solving for p yields

1
a \T@D
p= (m) (15)

for the optimal standardised stationary distance from the ridge axis. Using
Egs. ([3) and ([[4), the corresponding normalised mutation strength and progress

rate are
20 o1
0" = - 1 (16)
(a —1)(a—2)a—T

a a—2

o 2(a—1) (O( _ 2) 2(a—1)
* = . 17
@ ] (17)

and
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Clearly, from Eq. ([IT), only for « > 2 does a nonnegative solution exist for p.
For a < 2 the optimal mutation strength is infinite, and the stationary distance
of the search point from the ridge axis diverges. For a < 2 the resulting progress
rate increases indefinitely with increasing mutation strength as can be seen in
Fig. [ for the special case that & = 1. As seen in [I], for « = 2 a limit value
of ¢* = 2 is approached as ¢* increases. For o > 2, the optimal mutation
strength is finite and results in a finite progress rate as witnessed by the curves
for @ = 4 in Fig.[Il The same findings have been made by Beyer [3] for the special
case of the (1, A)-ES. However, in that reference no analytical expressions have
been obtained for the optimal parameter settings. Finally, the dependence of
the optimal normalised mutation strength and progress rate on the topology
parameter « are illustrated by the solid lines in Fig. 2l

3.4 Adaptive Step Length

It has been seen in [I] for & = 2 that by considering several further state variables
that serve to characterise the search path, cumulative step length adaptation can
be analysed using the approach described in Section 21l In that reference,

av, 2 av, 2 g av, av,
AT 20 = 2 e R (18)

has been derived as a stationarity condition. The derivation is lengthy and cannot
be reproduced here. The same argument applies in the case of more general ridge
topologies, leading to the same result. The mutation strength generated by the
cumulative step length adaptation mechanism can be computed from Eq. (IJ).

Using the expected values from Eqs. (I0), (), and ([I2) to replace zgavg), szvg),

and [|25V8)||2 it follows after replacing o and R with their normalised values that

1 _’_p2(a71) _ J*2p2(a72).

Using Eq. ([3)) to eliminate the normalised mutation strength and solving the
resulting equation yields p = 1 for the standardised distance from the ridge axis.
Using this result in Egs. (I3) and (I4) yields

ot =2 (19)

for the normalised mutation strength generated by cumulative step length adap-
tation and
=1 (20)

for the corresponding normalised progress rate. Figure 2] compares the predic-
tions from Eqs. ([9) and (20) with measurements made in runs of evolution
strategies. The experimental setup is the same as that used to generate the data
points in Fig.[I except that now the mutation strength of the strategy is subject
to cumulative step length adaptation. It can be seen that although the quality
of the predictions improves with increasing NV, it is not as good as for static
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Fig. 2. Normalised mutation strength ¢* and normalised progress rate ¢* plotted
against the topology parameter a. The points mark measurements made in runs of the
(3/3,10)-ES with cumulative step length adaptation for N = 40 (4) and N = 400 (x).
The dashed lines represent predictions obtained from Eqs. (I3) and (20). The solid
lines reflect the optimal values described by Eqs. (I8]) and (7).

mutation strength. In particular, for a £ 1 both the mutation strength and the
progress rate are severely underestimated unless the search space dimensionality
is very high. A more careful analysis that helps explain those deviations remains
as a task for future work and likely needs to take fluctuations of the state vari-
ables into account. Nonetheless, it is instructive to see that independent of the
ridge topology, cumulative step length adaptation always generates step lengths
that are shorter than optimal. For 1 < o < 2, it generates finite step lengths
even though infinite step lengths are optimal. For the parabolic ridge where the
maximal progress rate is finite, as seen in [I] cumulative step length adaptation
achieves 50% of the optimal performance. For a > 2, the gap between optimal
progress rate and progress rate achieved with cumulative step length adaptation
decreases with increasing values of a.

4 Conclusions

To conclude, this paper has presented an analysis of the behaviour of the (u/p, A)-
ES with cumulative step length adaptation on the ridge function class. Analytical
results have been obtained for the optimal mutation strength and progress rate of
the strategy, as well as for the mutation strength and progress rate generated by
cumulative step length adaptation. It has been seen that the step lengths achieved
using cumulative step length adaptation are consistently below the optimal values.
The resulting loss in performance that has previously been seen to be a factor
of two for the parabolic ridge decreases monotonically with increasing topology
parameter «. How significant the failure of cumulative step length adaptation is
to generate infinite step lengths for a < 2 is debatable as arguably, it may reflect
a deficiency of the ridge model rather than one of the strategy.
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Future work with the goal of better understanding the behaviour of evolution
strategies on ridge functions should consider alternative step length adapta-
tion mechanisms, such as mutative self-adaptation and the use of hierarchically
organised strategies. The analysis of the performance of the hierarchically or-
ganised strategy presented in [2] can be generalised beyond the parabolic ridge
using the approach pursued in the present paper, and it will be interesting to see
whether qualitative differences exist. Finally, strategies that use nonisotropically
distributed mutations, such as the CMA-ES [7] remain to be studied.
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Abstract. Evolutionary optimization, among which genetic optimiza-
tion, is a general framework for optimization. It is known (i) easy to use
(ii) robust (iii) derivative-free (iv) unfortunately slow. Recent work [§]
in particular show that the convergence rate of some widely used evolu-
tion strategies (evolutionary optimization for continuous domains) can
not be faster than linear (i.e. the logarithm of the distance to the op-
timum can not decrease faster than linearly), and that the constant in
the linear convergence (i.e. the constant C' such that the distance to the
optimum after n steps is upper bounded by C™) unfortunately converges
quickly to 1 as the dimension increases to co. We here show a very wide
generalization of this result: all comparison-based algorithms have such
a limitation. Note that our result also concerns methods like the Hooke
& Jeeves algorithm, the simplex method, or any direct search method
that only compares the values to previously seen values of the fitness.
But it does not cover methods that use the value of the fitness (see [5]
for cases in which the fitness-values are used), even if these methods do
not use gradients. The former results deal with convergence with respect
to the number of comparisons performed, and also include a very wide
family of algorithms with respect to the number of function-evaluations.
However, there is still place for faster convergence rates, for more original
algorithms using the full ranking information of the population and not
only selections among the population. We prove that, at least in some
particular cases, using the full ranking information can improve these
lower bounds, and ultimately provide superlinear convergence results.

1 Introduction

The principle of the main stream of evolutionary computation is to use only com-
parison between fitness values, and not the fitness values themselves. In almost
all cases, the algorithm is indeed only based on comparisons between fitnesses
of elements currently in a so-called ”population”, that has bounded size. Many
algorithms, in spite of this restriction, have been proved linear (i.e. it has been
proved that the logarithm of the distance to the optimum decreases linearly);
see e.g. [AII2/T0]. Some linear lower bounds also exist in various cases ([§]). In
this paper, we show that :

T.P. Runarsson et al. (Eds.): PPSN IX, LNCS 4193, pp. 2131} 2006.
© Springer-Verlag Berlin Heidelberg 2006
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- this kind of algorithms can at best be linear w.r.t the number of comparisons,
with a constant 1 — O(%) as the dimension d increases to oo, even with very easy
fitness functions ;

- however, such algorithms can have slightly better constants w.r.t the num-
ber of function evaluations (theorem 4), for not too strange fitness-functions ;
an interesting point is that this requires features that are not present in usual
(, A)-algorithms ;

- in some very particular cases, these non-standard algorithms can be superlinear
if they use ranking-informations and not only selection (theorem 5).

The principle of the proof of the first point is as follows. In this informal intro-
duction, we present it in the continuous case, but the proof is general. Consider
an algorithm guided by comparisons. Then, after n. comparisons, you have at
most 2" possible behaviors (possibly stochastic, but we may think of determin-
istic behaviors in this informal introduction). This is not so large in front of the
entropy (here quantified by the packing number): to be precise within distance
€ in [0, 1]4, you must be able of at least 2(1/e?) different answers, i.e. you need
dlog(1/e€) bits of information to get a precision e. This rough introduction shows
already that n,. ensuring a precision ¢ must be at least such that 2" = 2(1/€%),
i.e. € decreases as (2-1/4)". The convergence is therefore at most linear, with
a coefficient roughly 271/¢ = 1 — O(1/d), hence the expected result that will
be proved formally below. The reasonning also holds in the discrete case, and
similar results can be derived for multi-modal optimization.

The proof of the second point, better constants w.r.t the number of function
evaluations, is based on the information contained in rankings instead of selec-
tion. The proposed algorithm, realizing the task, is something between Nelder-
Mead algorithm ([9]) and evolution strategies. The fitness is built in an ad hoc
manner, but has some reasonnable properties that make the proof not too artifi-
cial. This is absolutely not the case of the proof of the last point (superlinearity
w.r.t of the number of function evaluations), which uses ad hoc fitness and algo-
rithm which are of theoretical but not practical interest. We do not know if this
result also holds for more natural functions.

2 General Framework

Let D be the domain in which we look for optimal (say, minimal) values of
a given real-valued function called the fitness. The packing number of a set S
with respect to a metric and some ¢ > 0, is the maximal number of points
(possibly oo) such that (i) each point is in S (ii) any two distinct points are at
distance at least e. We note |S| the cardinal of the set S (possibly infinite). We
note Ey, 4, ..y, the expectation with respect to random variables y1,...,yx. A
property F' being given, 1 denotes the function with value 1 when F holds, and
0 otherwise else. Let g,, f, h be possibly stochastic functions. See ] for more
details on assumptions. The algorithm is as follows :

1. initialize s; and t; to some value s and ¢.
2. for n =1 to oo, do Epoch(n) which is
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—
[
=

compute (7, tnt1) = gn(Sn,tn) with r, € K, ;

(b) Sp+1 = f(Sn,mn)-

consider x,, = h(s,) as your current proposal as an approximation of the
min-argument of the fitness.

—~
o
~

The goal of this algorithm is the fast convergence of z,, to the min-argument of
the fitness. No assumption is made on s,, it can live in any domain, the only
requirement is that s,41 is only a function of s, and r,. In natural cases s,
can be a backup of all results of comparisons and of all random generations.
Similarly, ¢,, can live in any domain, provided that ¢, only depend on s, and
t,; a natural case for us is that ¢, contains all the archive of visited points
with their fitness values. Also, theorems below hold for any case of K,, whenever
the natural case for this paper is that r, is the result of one or finitely many
comparisons. We will now see how evolutionary algorithms fit in this framework.

Why this algorithm includes evolutionary computation. Our framework
is very general, but we show here why this framework is relevant for all forms of
evolutionary computation. Typically, in evolutionary computation:

- ty, is the archive of visited points with their fitness values

- ry, is the result of various comparisons (in g, fitness are computed and com-
pared to other points in the population or in the archive);

- f is the method for creating generations (which might include cross-over, muta-
tions, selection,. .. ). Without loss of generality, we have assumed that f does not
depend on n; if we want f depending on n, we just have to add the information

2 2

n” in s, (i.e., replace s, by (sn,n)).

What are our hypothesis. The algorithm depends on (i) the initialization of
s1 and t1 ; (ii) the possibly stochastic function g, ; (iii) the possibly stochastic
function f ; (iv) the possibly stochastic function h. The g,, are the only functions
that use the fitness to be optimized. K, (in which 7, has its values) is finite.

Typically, the function to be optimized is used only as a black-box. However,
we will not have to assume this here in the main results. We mainly need the
fact that the information provided by the fitness fits in a finite number of bits
(i.e. finiteness of K;). This is why algorithms like BFGS or even the gradient
descent are not concerned by our results ; the information provided by a gradient
does not fit in a finite number of bits (at least if we assume infinite precision of
floating-point values). The t¢,, can have any structure, it may contain an archive
of fitness values or not. We don’t even need the fact that the computation time
per epoch is bounded.

These assumptions are typically true for evolutionary algorithms. As we do
not assume anything about the structure of s,, and we do not assume anything
about what is done with the fitness except that the number of bits is small, our
result is much more general than only evolutionary computation.
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3 Lower Bounds w.r.t of the Number of Comparisons

Entropy Lemma for Evolutionary Computation:

Consider an algorithm as in section [3. Consider a set Fit of possible fitness
functions on domain D, i.e. Fit C RP, such that any fit € Fit has only one
min-argument fit*, and such that {fit*; fit € Fit} = D. This means that we
don’t know a priori where is the min-argument (Fit can be the set of sphere
functions or any other very simple optimization problems).

Then, define N (€) the packing number of D for 2e, for some metric. Consider
fit a random wvariable such that fit* is uniformly distributed on the N(e) ele-
ments realizing the packing number of D. Consider some fized 6§ €]0,1] and n
such that the probability (on both fit and x,) that d(z,, fit*) < e (where d(.,.)
is the euclidean distance) verifies P(d(x,, fit*) <€) >1—4.

log(1—6 log(N (e n i
Then n > nes = flogg(K, )) + lo%g((K(j,J)))-l where K], = /[, |Kil.

Proof: We note S, the set of points of the domain that lie at distance < e of
the optimum fit* for the ||.||cc norm.

Step 1: conditionning to a sequence of r;. Consider a fixed sequence
of (r;), instead of r; function (via g;) of s; and ¢;. We consider a run of the
algorithm, in the cabe in which these r; are fixed. Then, conditionally to x,,
Erayliz,esy < N Averagmg on x, (which can be random if the algorithm is
stochastic) leads to EfztEwnl{anse} < 1/N(e).

Step 2: summing on all possible (7;);c((1,n]]

Epi Sup Ev 1z, sy < Epit ZEwnl{mnes y < ZEfztEwn]-{r,,ES y < H J‘V
i=1

Tn Tn

(thanks to step 1). Note for short K], = /][, |K;i|. Then, P(d(z,,, fit*) <€) >
1 — ¢ implies K/"/N(e) > 1 —4. This implies that n > log(l —0)/log(K},) +
log(N(€))/ log(K). .
Note that for many algorithms, K, is constant, and therefore K/ is constant.
An easier formulation is as follows :

—~
D=
~—

Theorem 1: Entropy Theorem for Evolutionary Computation:

Consider a set Fit of possible fitness functions on domain D, i.e. Fit C RP, such
that any fit € Fit has only one min-argument fit*, and such that {fit*; fit €
Fit} = D. This means that we don’t know a priori where is the min-argument
(Fit can be the set of sphere functions or any other very simple optimization
problems). Consider some fized § €]0,1[ and n such that for any fitness in F'it,

<k lo -6 log(N (e
P(d(zn, fit*) <€) > 1—46. Thenn > ncs = [loi((liq)) + logg((K(;L)))} where K/ =
VIiz, K

Proof: Assume, to get a contradiction, that n ensures d(z,, fit*) < e with
probability 1 — § for any fitness in Fit. Then, a fortiori, it ensures it with
probability 1 — 6 on average for any distribution of fitnesses in F'it. This leads
to a contradiction with the previous lemma, hence the expected result. 0
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This theorem provides the convergence rate with respect to the number of
epochs. This is in particular interesting when (i) each epoch is parallelized ;
or (ii) the cost is mainly the cost of fitness-evaluations and the number of fitness
evaluations per epoch is some fixed ¢ fitness-evaluations/epoch, what implies
that the average coeflicient of linear convergence per fitness evaluation 7y, is
Tte = /Te Where 1, is the coefficent of the linear convergence per epoch.

These lower bounds are absolute lowers bounds with respect to the epochs,
but we might also be interested in bounds with respect to time, without neglect-
ing the computational cost of each epoch. We can do this with a very natural
assumption, very classical in evolutionary algorithms, which is that we only use
comparisons on the fitness values. We can then derive a bound on the conver-
gence rate with respect to the number of comparisons, and therefore on the
convergence rate with respect to time :

Corollary 2. (entropy theorem for black-box evolutionary algorithms:
complexity w.r.t. number of comparisons): Assume the same hypothesis
as in the theorem above with K, = 2 corresponding to r, equal to the result of
a comparison between the fitnesses of two previously visited points. Then, with
logz(x) = log(z)/log(2), the number of comparisons n. required for ensuring with
probability 1 — & a precision € is ne. > logy(1 — 8) + logy(N(€)). Le., formally,
P(||zy, — fit*]| <€) > 1—6 = n. > logy(1l — 8) + logy(N(e)).

Proof: Split the algorithm in section [2 so that each epoch contains at most one
comparison. Then |K],| = |K,| = 2 as any computation except the comparison
can be put in f. Hence the expected result. 0

Corollary 2’: the same with respect to area. If the domain has measure
1, and if F'it has the same property as in theorem 1, then n. comparisons are
necessary for a comparison-based algorithm in order to provide a set with measure
v < 1 that contains fit* with probability at least 1 — 6, where n. > logy(1 —6) +
log,(1/v). and also with notations as above, the number of epochs n verifies
n > log(1 — 6)/ log(K,) + log(1/v), log(K},).

Proof: The proof is very similar to the previous one, and is indeed simpler.
Consider a fixed sequence of r,,. Consider fit a random variable on F'it such that
fit* is uniform on the domain D. Note V the set proposed by the algorithm,
and that must contain fit* with probability at least 1 —§.

Consider a fixed V. Then, the probability (on fit) that fit* € V is at
most v. Now, by averaging on V (conditionaly to a sequence of r;,), we have
Py (fit* € V') <w. If we now consider the sum of these probabilities among pos-
sible sequences of r,,, we have P(fit* € V) < 2™wv and therefore 1 — § < 27y,
which leads to n. > log,(1 — 6) — logy(v) where log,(t) = log(t)/ log(2). 0

Continuous case: linear convergence w.r.t the number of comparisons.
The bound above on the convergence rate depends on the packing number of
the domain. This bound holds for any families of fitnesses, provided that the
optimum is not known in advance (i.e. it can be anywhere in the domain). We will
now apply it to the simple continuous case D = [0, 1]¢ with the supremum norm,
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N(e) > ([1/€]%). First consider the convergence with respect to n the number
of epochs in the (standard) case: Vi, K; < K for some K. This implies that the
guaranteed distance to the optimum, for some n and with probability at least
16, for fixed 8, verifies N(e) < K™/(1—6)i.e. [1/e] < (K"/(1—-6))"4, i.e. e >
1/ (1+ (K™/(1—6))Y/4). This is (at best) a linear convergence, with constant
n [1 —0O(1/d),1]. The convergence with respect to time if only comparisons are
used is more strongly bounded, as shown in the corollary (without assuming
anything except the fact that only comparisons of fitnesses are used) : ¢ >
1/ (1+ (27 /(1 —6))'/?) where n. is the number of comparisons. This is (at
best) a linear convergence, with constant in [1 — O(1/d), 1], independent of the
algorithm for a fixed K. We will see below that modifying K for example by
modifying A and p does not significantly modify the result w.r.t the number
of comparisons, but it does w.r.t the number of function-evaluations, but only
if we use full-ranking and not only selection. Note that the bound is tight: the
following problems {z — ||z — fit*||1; fit* € [0,1]¢} is solved with constant
1 — £2(1/d) by the following algorithm (close to the Hooke&Jeeves algorithm
[7), that reaches 1 — ©(1/d) both w.r.t the number of fitness-evaluations and
w.r.t the number of comparisons:

— initialize z = (x1,...,x4) at any point.
— in lexicographic order on (j,7) € N x [[0,d — 1[[:
e try to replace the j* bit b of 2; by 1 — b;
e if it is better, then keep the new value; otherwise else keep the old value.

4 Convergence Rate with Respect to the Number of
Fitness-Evaluations: Why the 1 — O(1/d) Is Also True
for Selection-Based Algorithms

We already mentionned that our approach covers almost all existing evolutionary
algorithms. We can now check the value of K, depending on the algorithm, and
consider convergence rates with respect to the number of fitness-evaluations
instead of the number of comparisons. The convergence rate will be > 1/ VK.

- (1, \)-ES (or SA-ES): at each step, then, we only know which are the

selected points. Then, K = (2) < (L>\>/\2J) < (22/V27)) (see e.g. [3, p587] or
[6] for proofs about (2 ). This leads to a convergence rate with respect to the
number of FEs > 1/ ¥/2* > 1/4/2, hence the 1 — O(1/d) result with respect to
the number of FEs ; note that the constant is worst if \ increases.

- Consider more generally, any selection based algorithm, i.e. any al-
gorithm in which r, encodes only a subset of u points among A. Then, the
algorithm provides only a subset of [[1, \]], i.e. K,, < 2*, and /K = O(1) and
the convergence rate is > 1 — O(1/d) bound in distance or exp(—O(1)) in area.
Note that this remains true if A\ depends on the epoch and even if the subset has
not a fixed size defined before the fitness-evaluations. As we will show below,
this 1 —O(1/d) with respect to the number of FEs is not true for algorithms
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using the full ranking information ; this allows the conclusion that using
all the ranking information can lead to better convergence rates, at
least in some cases, than using only a selection information.

- (u+ A)-ES (or SA-ES): then, we only know which are the selected points.
Then, K = (A + p)!/(u!Al). This does not allow a proof of 1 — O(1/d) if u
increases as a function of d, but indeed, for (u + A)-ES, the 1 — O(1/d) can be
proved by other means ; see e.g. [II]. Note however that for other algorithms
(not (1 + A)-ES) with a big archive (what is somewhat similar to a big u), we
will see that the 1 — O(1/d) does not hold.

- Parallel (1 + A)-ES: As the A points are computed in parallel, we don’t
need to consider the W : the convergence rate is > 1/¥/K = 1/v/\. Here,
K < ), therefore the speed up is only at most logarithmic (the number of fitness-
evaluations required for a given precision decreases only as log(N(e))/log(\)).

Consider the convergence rate with respect to the area as in corollary 2,
with respect to epochs. For an averaged convergence rate with respect to the
number of fitness-evaluations, we must consider the A\ root ; the convergence
rate in area is O( i/z\/} ). Increasing the population size to infinity as dimension
increases will therefore not improve the result in (u, A) schemas: this leads to
exp(—o(1)) instead of the exp(—©(1)) that can be reached by some algorithm
like (14-1)-ES. Therefore, in the case of (i, A\)-ES, either the population remains
finite, and we can reach exp(—©(1)), or the population increases to infinity as
the dimension increases and it is worse.

The case of (i 4+ A)-ES is different, as a huge p has no cost w.r.t function
evaluations (is only involves archiving). With a huge u, as we have no restriction
here on the selection method and the information stocked in memory and the
computational power (we only count the number of fitness-evaluations), you can
encode in an archive many specific methods, and in particular the algorithms
below beating the exp(—O(1)) (for area with respect to convergence rates). How-
ever, note that for standard (u+ A)-ES, the numerical evaluation of the bounds
above, which depends on the rule for specifying x4 and A as functions of the di-
mension, lead to exp(—O(1)) at best (for the area, with respect to the number
of function evaluations).

5 Superlinearity: What About the Complexity with
Respect to the Number of Fitness-Evaluations ?

K, can run to infinity as n — oo. This implies that the computational cost
of an epoch converges to infinity, but this might happen in particular if the
principal cost is the evaluation of the fitness. For example in algorithms using
the full archive of visited points and using the ranking of all visited points, we
can compare each new point to all previously visited points. Can this improve
the result in term of convergence rate with respect to the number of visited
points? For the moment, we have bounds with respect to the computational
time (corollary above), with respect to the number of epochs (the main theorem),
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but what about a bound on the convergence rate with respect to the number of
fitness-evaluations, neglecting the other computational costs ? Such bounds are
important as evolutionary algorithms are particularly relevant for very expensive
fitnesses. Section M answers partially to this question for some algorithms. A
positive result is a clue for designing algorithms that might be superlinear, or
might have better dependencies on the dimension. We will show below that using
full ranking information, it is possible to outperform the 1 — O(1/d) that hold,
even w.r.t the number of function-evaluations for selection based algorithms.

The ultimate limit of corollary 2 w.r.t function-evaluations. Assume
that we only use comparisons (but allow as many comparisons as you want per
epoch). Then, let’s rewrite the algorithm so that there is only one call to the fit-
ness function per epoch. This only means that we split each epoch in the number
of fitness-evaluations. Then, we see that there are at most n possible outcomes in
the set of comparisons in this epoch: the rank of the newly evaluated point. This
implies that K,, < n. Then, the number of epochs required to ensure a precision
€ with probability 1 — § is n > log(1 — §)/log(K},) + log(N(¢))/log(K}) with
K! = {/n! = ©(n). In the continuous case, this is asymptotically (slightly) su-
perlinear, but at the cost of a computation time per epoch increasing to infinity.
Let’s summarize these elements.

Corollary 3: convergence rate w.r.t. the number of fitness-evaluations.
Assume that K, contains only the result of comparisons between values of the
fitness at visited points. Then, the number of visited points necessary for a preci-
sion at most € with probability at least 1—6 is at least ny. > log(1—0)/log(K,,)+
log(N(e))/log(K},) with K|, = O(n) (i.e. a superlinear convergence rate in the
continuous case [0,1]%).

Whereas (as shown in corollary 2) the number of comparisons required is at
least n. > logy(1—06)+logy(N(€)) (i.e. a linear convergence rate in the continuous
case [0,1]%, with coefficient 1 — O(1/d)).

This suggests the possible relevance of evolutionary algorithms for expensive
fitnesses, for which the computational cost of each epoch out ot fitness-calls is
negligible: for low-cost fitness, where the computational cost of the comparisons
is not negligible, we know that we can not be superlinear, and that the constant
quickly runs to 1 as the dimension increases, but we let open the possibility
of superlinearity w.r.t the number of fitness evaluations, and the possibility of
constants better than this 1 — O(1/d).

In particular, our proof above (corollary 2’) forbids better than exp(—O(1))
in the following terms: if the domain has measure 1, then the number of
comparisons required by a comparison-based algorithm for providing an area of
measure v < 1 that contains the optimum with probability at least 1 —§ is as least
ne > logy (1 —6) +logy(1/v). This is a bound in exp(—O(1)) for the convergence
rate with respect to the area, uniformly in all the possible dimensions. It is in
some sense more natural, because it reflects the idea that in order to divide the
area where the optimum can lie by 2, you need 1 bit of information. This bound
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- holds with respect to the number of comparisons (corollary 2’) ;

- holds with respect to the number of fitness-evaluations if the number of
comparisons per epoch is a priori bounded independendly of the dimension or
under various hypothesis including nearly all existing comparison-based algo-
rithms ;

- but does not hold w.r.t the number of fitness-evaluations in the general case.
Indeed, it is possible to avoid the exp(—O(1)) if the population size increases to
infinity, on some not too artificial fitness-functions. If we look to very particular
cases of fitness-functions, it is also possible to be superlinear w.r.t the number
of fitness-evaluations, with only comparisons. This point will be shown below.

Improved convergence rates using full ranking information. We now
formalize two theorems about this precise point. The first one considers the
convergence better than exp(—O(1)) from the area point of view on a reasonnable
fitness, thanks to the use of a bigger information than only the selected points:
the algorithm uses the full ranking of the population. The second one reaches
superlinearity, but for a very particular fitness and a very particular algorithm,
so is only of theoretical interest.

Theorem 4: better than exp(—O(1)) for the convergence rate of the
area. In spite of the various results showing bounds in exp(—O(1)) on the con-
stant in linear convergence rates, it is possible under the following hypotheses:
- continuous domain with non-empty interior and dimension d;

- family of fitnesses that satisfy the hypothesis of theorem 1 (for any fit* € D,
there is at least one fitness fit with optimum in fit*) ;

- fitnesses radially increasing (Vo # 0,t > 0,t — fit(fit* 4+ tx) is increasing);

- comparison-based algorithm;

to reach a O(1/d) constant from the point of view of the convergence of the area
with respect to the number of function-evaluations.

Remark: Selection is strictly less informative than ranks. Theorem 4
shows that it is possible to outperform the exp(—O(1)) in area in a framework
using only ranks. We have shown above that algorithms based on selections
only could not outperform exp(—O(1)). Therefore, at least for particular fitness-
functions, full ranking is significantly more informative than selection only (i.e.,
can lead to o(1) instead of exp(—O(1))). In the same spirit, theorem 5 (superlin-
earity) can not be reached with selection only. The result is proved in details in
http://www.lri.fr/~teytaud/lblong.pdf. It is based on a recursive splitting
of the domain in simplices, depending on the ranking of its vertices. 0

Theorem 5: superlinear convergence rates w.r.t. number of function
evaluations. There is one algorithm and one family of fitness functions such
that (i) for almost all fit* in the domain D there is a fitness fit with only one
optimum at fit* ; (ii) the convergence is superlinear.

The result is proved, thanks to very artificial fitness functions and algorithms,
in http://www.lri.fr/~teytaud/lblong.pdf. 0
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6 Conclusion

We have studied algorithms that only depend on comparisons. We have shown
(section [3]) that ranking-based methods can not be better than linear, and that
the constant runs to 1 as the dimension d runs to infinity, at least as 1 —O(1/d).
The result does not only concern comparison-based methods, it concerns all al-
gorithms using at each epoch finitely many bits of information (what is not the
case of algorithm using real numbers, at least on ideal computers). This linear-
ity and this constant are with respect to the number of bits, e.g. the number of
comparisons. In section @] similar results are derived for the convergence with
respect to the number of function evaluations. We also show that increasing A
e.g. as dimension increases does not improve the result, in a stronger sense for
(A, p) algorithms than for (A + p)-algorithms. However, these negative results,
that generalize the state of the art, does not formally forbid superlinearity for
comparison-based algorithms w.r.t the number of fitness-evaluations. We have
then (section [H]) shown that superlinearity w.r.t the number of function evalua-
tions is possible. The contrast with the results of section [3 show that superlinear
algorithms can only be superlinear w.r.t the number of function-evaluations (and
not the number of comparisons), and that traditional (A, u)-ES or SAES or any
usual algorithm can’t be superlinear. Superlinear algorithms, or even linear al-
gorithms with better constants as d increases, must use a stronger information
from comparisons, typically the full ranking, and not only selection. We have
exhibited such algorithms, one of them which is reasonnable (theorem 4, im-
proving the dependency in front of the dimension by a Nelder-Mead inspired
algorithm, modified for taking into account the full ranking) and one of them
purely theoretical (theorem 5, superlinearity).
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Abstract. In this paper, we show universal lower bounds for isotropic
algorithms, that hold for any algorithm such that each new point is the
sum of one already visited point plus one random isotropic direction mul-
tiplied by any step size (whenever the step size is chosen by an oracle
with arbitrarily high computational power). The bound is 1 — O(1/d)
for the constant in the linear convergence (i.e. the constant C such that
the distance to the optimum after n steps is upper bounded by C™),
as already seen for some families of evolution strategies in [I9I12], in
contrast with 1 — O(1) for the reverse case of a random step size and a
direction chosen by an oracle with arbitrary high computational power.
We then recall that isotropy does not uniquely determine the distribu-
tion of a sample on the sphere and show that the convergence rate in
isotropic algorithms is improved by using stratified or antithetic isotropy
instead of naive isotropy. We show at the end of the paper that beyond
the mathematical proof, the result holds on experiments. We conclude
that one should use antithetic-isotropy or stratified-isotropy, and never
standard-isotropy.

1 Introduction: What Is the Price of Isotropy

[3] has recalled that, empirically, all evolution strategies with a relevant choice of
the step size exhibit a linear convergence rate. Such a linear convergence rate has
been shown in various contexts (e.g. [1]), even for strongly irregular multi-modal
functions ([2]). Linearity is not so bad, but unfortunately [T9/I2] showed that
the constant in the linear convergence, for (1 + A)-ES and 1, A-ES in continuous
domains, converges to 1 as 1 — O(1/d) as the dimension d increases ; this has
been generalized in [I7] to all comparison-based methods. On the other hand,
mathematical programming methods, using the derivatives ([AJ7/9/T6]), but also
using only the fitness-values, reach a constant 0 in all dimensions and work in
practice in huge dimension problems (see e.g. [18]).

So, we know that (i) comparison-based methods suffer from the 1—O(1/d) (ii)
fitness-value-based methods do not. Where is the limit 7 We here investigate the
limit case for isotropic algorithms in two directions : (1) can isotropic algorithms
avoid the 1—0O(1/d) by using additional information such as a perfect line search

T.P. Runarsson et al. (Eds.): PPSN IX, LNCS 4193, pp. 32-FI] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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with computational cost zero (2) can we do better than random independent
sampling for isotropic algorithms ? The answer for (1) will be essentially no :
naive isotropy leads to 1 — O(1/d). A more optimistic answer appears for (2) :
yes, some nice samplings lead to better results than naive independent uniform
samplings, namely : stratified isotropy, and antithetic isotropy.

The paper is organized as follows. Section [2] shows that a random step
size forbids superlinear convergence, but allows a linear convergence with rate
exp(—12(1)). Section [ shows that a random independent direction forbids su-
perlinear convergence and forbids a better constant than 1 — O(1/d), whatever
may be the family of fitness functions and the algorithm, whatever may be its
step-size rule or selection procedure provided that it uses isotropic random mu-
tations. Section M then shows that isotropy does not necessarily imply naive
independent identically distributed sampling, and that the convergence rate of
(14 X) — ES on the sphere function is improved when using stratified sampling
or antithetic sampling.

For the sake of clarity, without loss of generality we assume that the origin
is the only optimum of the fitness (so the norm of a point is the distance to an
optimum).

2 If the Step-Size Is Random

Consider an unconstrained optimization problem in R?. Consider any algorithm
of the following form, based on at least one initial point for which the fitness has
been computed (we assume that 0 has not been visited yet). Let’s describe the
nt" epoch of the algorithm :

— Consider X,, one of the previously visited points (points for which the fitness
has been computed) ; you can choose it by any algorithm you want using
any information you want ;

— Choose the direction v € R? with unit norm by any algorithm you want,
using any information you want.

— Then, choose the step size o in [0, o] ; for the sake of simplicity of notations,
we require that o > 0, but if you prefer o € R, you simply replace v by —v
with probability 1/2 ;

— Evaluate the fitness at X/, = X, + ov.

We assume that at each epoch o has a non-increasing density on [0, co[. This
constraint is verified by e.g. gaussian distributions (gaussian random variables
have values in | — 0o, 0o[, but ”gaussian steps + random isotropic direction” is
equivalent to ”absolute value of a gaussian step + random isotropic direction”
and the absolute value of a gaussian step has decreasing density on [0, co[). Pro-
vided that the constraint is verified for each epoch, whatever may be the algorithm
for choosing the distribution, the results below will hold. The distribution can be
bounded and we do not require it to be gaussian or any other particular form of
distribution. This formalism includes many algorithms ; SA-ES for example are
also included. What we only require is that each point is chosen by a random jump



34 O. Teytaud, S. Gelly, and J. Mary

from a previously visited point (any previously tested point) with a distribution
that might be restricted to a deterministic direction (possibly the exact direction
to an optimum!), with density decreasing with the distance.

In all the paper, [a]t = max(a,0). Then,

Theorem 1 (step-size does matter for super-linearity).

B (=X AX) < [ win, ZEED <o)

Moreover the variance is finite, and therefore this also implies that

limsup §/1/][ X[ < /t>0min(1, 12_“"7(_%)&. @)

exp(—
Proof: The main tools of the proof are E[X]T = [ P(X > t)dt and the
lemma P(||X.||/[|Xn]| < ¢) < min(1,2¢/(1 — ¢)) ; the detailed proof is in

http://www.lri.fr/~teytaud/lbedalong.pdf. 0

3 If the Direction Is Random

This section generalizes [I2] to any algorithm in which each newly visited point
is equal to an old one plus a vector whose direction is uniform in the sphere
(whenever the distance depends on the direction, i.e. is not chosen independently
of the direction, even if it is optimal, and whenever the algorithm computes the
gradient, the Hessian or anything else).

Consider an unconstrained optimization problem in R%. Consider any algo-
rithm of the following form, based on at least one initial point for which the
fitness has been computed :

— Consider X, one of the previously visited points (points for which the fitness
has been computed) ; you can choose this point, among previously visited
points, by any algorithm you want using any information you want, even
knowing the position of the optimum ;

— Choose the direction v € R? randomly in the unit sphere ;

— Choose the step size ¢ > 0 by any algorithm you want, using any information
you want ; it can be stochastic as well ; it can depend on v, e.g. it can
minimize the distance between X,, + ocv and the optimum ;

— Evaluate the fitness at X/, = X,, + ov.

As the previously stated theorem, this result applies to a wide range of evo-
lution strategies. We only require that each new visited point is chosen by a
random jump from a previously visited point.

Then, the following holds :

Theorem 2 (direction does matter for convergence rates).
Assume d > 1. Then,
E[—In(]|X,]|/1|Xx]])] is finite and decreases as O(1/d).
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Proof: The main element of the proofs are

— the equality Elz]+ = [, Pz > t) for x = —In(||X}||/||X,||) which re-
duces the problem of the evaluation of the expectation to the evaluation of
probabilities ;

— the result according to which the probability of an angle lower than a be-
tween two random independent vectors uniformly drawn on the sphere is
2 — 3Fs(cos®(a); 5,(d — 1)/2) for o < 7/2 and d > 1. This result is a
theorem in [g].

— equalities of the form I'(d/2)/I'((d—1)/2) = \/(d — 1)/2x (140(1)) ([TOIT3])
simplifying the equation above ;

— tedious evaluation of integrals.

The detailed proof of theorem 2, using these elements, can be found in
http://www.lri.fr/~teytaud/lbedalong.pdf. 0

4 Isotropic (1 + A)-ES and a Comparison Among
Isotropic Samplings

We have shown that with independent isotropic mutations, even with perfect
step size chosen a posteriori, we have a linear convergence rate with constant
1—-0(1/d). We can study more carefully (1+ A)-ES with perfect step size on the
sphere, in order to show the superiority of unusual isotropy. (14+)-ES are A-fully-
parallel ; they are probably a good choice for complex functions on which more
deterministic or more structured approaches would fail, and if you have a set of A
processors for parallelizing the fitness-evaluations. Therefore, it is worth studying
it. We show here that you must choose (1 + \)-ES with stratified isotropic or
antithetic isotropic sampling instead of (1 + \) standard isotropic sampling. We
show that, at least on the sphere, it is better in all cases. The proofs below show
that the convergence rate is better, but also that the distribution of the progress
rate itself (”igz:lll”) is shifted in the good direction. At least for the sphere with
step size equal to the distance to the optimum, we show that all probabilities
of a given progress-rate are improved. Formally: for any c, P(% < c¢)is
greater or equal to its value in the naive case, with only equality in non-standard
cases. We have postulated isotropy : this means that the probability of having
one point in each given infinitesimal spherical cap is the same in any direction.
This is uniformity on the unit sphere. But isotropy does not mean that all
the offspring must be independent and identically distributed. We can consider
independence and identical distribution (this is the naive usual case), but we
can also consider independent non-identically distributed individuals (this is
stratification, a.k.a. jittering, and this does not forbid overall uniformity as we
will see below) and we can consider non-independently distributed individuals
(this is antithetic sampling, and it is also compatible with uniformity).

Some preliminary elements will be necessary for both cases. (1 + A)-ES
has a population reduced at one individual X,, at epoch n and it generates A
directions randomly on the sphere. Then, for each direction, a step-size determines




36 O. Teytaud, S. Gelly, and J. Mary

a point, and the best of these A points is selected as the new population. Let v a vec-
tor toward the optimum (so in the good direction). Let’s note +; the angle between
the 4" point and v. We assume that the step size is the distance to the optimum. If
i > 7§ then the new point will not be better than X,,. Hence, we can consider ¢; =
min(v;, ). Let & = min;0;. 0 is a random variable. As we assume that the step size
is the distance to the optimum, the norm of X,, ;1 is exactly 2 | sin(6/2)||| X, ||.
In the sequel, we note for short ssin(x) = 2sin(x/2)||X,|| ; the norm of X,, 14 is
exactly |ssin(0)]. Then log(|| X, 11]]) = log(|ssin(min;cy1, )y |0i])]). Therefore, we
will have to study this quantity in sections below. For sake of clarity we assume
that || X, || = 1 (without loss of generality).

4.1 Stratification Works

Let’s consider a stratified sampling instead of a standard random independent
sampling of the unit sphere for the choice of directions. We will consider the
following simple sampling schema : (1) split the unit sphere in X regions of same
area ; (2) instead of drawing A points independently uniformly in the sphere,
draw 1 point in each of the A regions. Such a stratification is also called jittered
sampling (see e.g. [5]). In some cases, we define stratifications according to an
auxiliary variable : let v(.) a function (any function, there’s no hypothesis on
it) from the sphere to [[0, A — 1]]. The i** generated point (i € [[0,A — 1]]) is
uniformly independently distributed in v~ (7). We note 7% (z) the k*" coordinate
of x : x = (mo(x), m1(x), m2(), ..., Ta—1(x)).

Let’s see some examples of stratification :

1. for A = d, we can split the unit sphere according to v(z) =
arg max;eo q—1j|mi(x)|. We will see below that for a good anticorrelation,
this is probably not a very good choice.

2. for A = 2d, we can split the unit sphere according to wv(x) =
arg max;eo,24— 1) (—1)'7 i | (2).

3. for A = 2%, we can split the unit sphere according to the auxiliary variable
o(x) = (sign(mo(x)), sign(m (2)), sign(ms(x)), . .., sign(ra-1(z))).

4. for A = d+ 1, we can also split the unit sphere according to the faces of a
regular simplex centered on 0.

5. for A = 2, we can split the unit sphere with respect to any hyperplane
including 0.

6. for A = d!, we can split the unit sphere with respect to the ranking of the d
coordinates.

7. for A = 2%d!, we can split the unit sphere with respect to the ranking of the
absolute values of the d coordinates and the sign of each coordinate.

However, any stratification in A parts Sp,..., S of equal measure works (and
indeed, various other stratifications also do the job). We here consider stratifica-
tion randomly rotated at each generation (uniformly among rotations) and with
each stratum measurable and having non-empty interior.

Theorem 3 (stratification works). For the sphere function x — ||z||?
with step size the distance to the optimum, the expected convergence rate
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exp(E(—log(|| Xn+1ll/1|1Xxl]))) for (1 + X)-ES increases when using stratifica-
tion.

Proof: Consider the probability of |ssin(f)| > ¢ for some ¢ > 0. Pgive =
P(|ssin(0)] > ¢) = P(|ssin(6;)] > c) if naive sampling. Consider the same
probability in the case of stratification. Pysyrqr = P(|ssin(0)] > ¢) =
ic1 ) P(|ssin(8;)| > c). where 6; is drawn in the i*" stratum.

Let’s introduce some notations. Note P; the probability that |ssin(v)| > ¢
and that v € S;, where v is a random unit vector uniformly distributed on the
sphere. Note P(S;) the probability that v € S;. Then II; ZPP < (1/A)* (by
concavity of the logarithm) The equality is only reached if all the P; are equal.
ZZ < II;P(S;), what leads to Hie[[m”% <

o, P;)*. This is exactly Pstmt < Ppaive- This is true for any value of ¢. Using
Emax(X,0) ft>0 (X > t) for any real-valued random variable X, this im-

plies with X = —log|ssin(6)| that E — log(|ssin()|) can be worse than naive
when using stratification. Indeed, it is strictly better (larger) as soon as the P,
are not all equal for at least one value of c¢. This is in particular the case for ¢
small, which leads to P; < 1 only for one value of i. 0

Remark. We have assumed above that the step size was the distance to the
optimum. Indeed, the result is very similar with other step-size-rules, provided
that the probability of reaching || X,,+1|| < ¢ is not the same for all strata for at
least an open set of values of c.

We present in figure [Il experiments on three stratifications (1 to 3 in the list
above).

4.2 Antithetic Variables Work

The principle of antithetic variables is as follows (in the case of k antithetic
variables): (1) instead of generating A individuals, generate only A\/k indi-
viduals zo,...,7)\/,—1 (assuming that &k divides \); (2) define x;i 4y, for
a € [[1,2,....k = 1]], as @iyqr/k = fa(z;) where the fi’s are (possibly ran-
dom) functions. A more restricted but sufficient framework is as follows : choose
a fixed set S of A\/k individuals, and choose as set of points roty (S), rot2(S),. . .,
roty(S) (of overall size \) where the r; are independent uniform rotations in R9.
The limit case k¥ = 1 (which is indeed the best one) is defining one set S of A
individuals, and using rot(S) with rot a random rotation.

We first consider here a set S of 3 points on the sphere, which are
(1,0,0,...,0), (cos(2m/3),sin(27/3),...,0), (cos(4n/3),sin(47/3),0,...,0) (the
optimal and natural spherical code for n = 3). The angle between two of these
points is 27/3.

Theorem 4 (antithetism works). For the sphere function x — ||z||? with
step size equal to the distance to the optimum, the expected convergence rate
exp(E(—=log([| Xn+1ll/11Xn]))) for (1 + X)-ES increases when using antithetic
sampling with the spherical code of 3 points.
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Proof: As previously, without loss of generality we can assume || X,|| = 1. We
consider exp(E(—log(]|Xn+1]]))). As above, we show that for any c,

P(||X1|| > ¢ with antithetic variables) < P(||X,+41]| > ¢) (3)

Using E max(z,0) = [, 0 P(x > t), this is sufficient for the expected result. The
inequality on expectations is StI‘lCt as soon as it is strict in a neighborhood of
some c. The probability P(||X,+1]| > ¢), in both cases, antithetic variables or
not, is by independence the power % of the result for A = 3. Therefore, it is
sufficient to show the result for A = 3. Yet another reduction holds on ¢: ¢ > 1
always leads to a probability 0 as the step-size will be 0 if the direction does not
permit improvement. Therefore, we can restrict our attention to ¢ < 1.

So, we have to prove equation [3 in the case ¢ < 1, A = 3. In the antithetic
case the candidates for X, 41 are X,, + y; where yo = rot(xg),y1 = rot(z1),y2 =
rot(zz). In the naive case these candidates yo,y1,y2 are randomly drawn in
the sphere. We note v = min(|angle(—y;, Xy,)|) (the y; realizing this minimum
verifies Xp41 = X, + yi if || X0 + wil| < || Xn]])- Let 0 the angle such that
Y<0= [ Xnpall <c

In the antithetic case the the spherical caps s; located at —y;, and of angle
are disjoint because ¢ < 1 so § < 5. But in the naive one they can overlap with
non zero probability. As P(||X,+1]| < ¢) = P(X,, € U;s;), this shows equation
Bl which concludes the proof. 0

The proof can be extended to show that & = 1 leads to a better convergence
rate than k > 1, at least if we consider the optimal set S of A points. But we
unfortunately not succeeded in showing the same results for explicit larger num-
bers of antithetic variables in this framework. We only conjecture that randomly
drawing rotations of explicit good spherical codes ([6]) on the sphere leads to
similar results. However, we proved the following

Theorem 5 (arbitrarily large good antithetic variables exist). For any
A > 2, there exists a finite subset s of the unit sphere in R? with cardinal
A such that the convergence rate of (1 + \)-ES is faster with a sampling by
random permutation of s than with uniform independent identically distributed
sampling, with step size equal to the distance to the optimum.

Proof: We consider the sphere problem with optimum in zero and X, of norm 1.

Let s a sample of A random points (uniform, independent) on the unit sphere.
Let f(s) = Erot(In || Xpn+1]]) (as above rot is a random linear transformation with
rot X rot’ = 1). If s is reduced to a single element we reach a maximum for f (as
the probability of In(X,,+1) < cis lower than for any set with at least two points).

f(s) is therefore a continuous function, with some values larger than F; f(s).
Therefore, the variance of f(s) is non-zero. Therefore, thanks to this non-zero
variance, there exists s’ such that f(s") < Esf(s).

E, f(s) is the progress rate when using naive sampling and f(s’) is the progress
rate when using an antithetic sampling by rotation of s’. So, this precisely means
that there exists good values of s leading to an antithetic sampling that works
better than the naive approach. 0
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We have stated the result for (1 + A\)-ES with A\ antithetic variables, but
the same holds for \/k antithetic variables with the same proof. This does not
explicitly provided a set s, but it provides a way of optimizing it by numerical
optimization of E In(X,+1) that can be optimized once for all for any fixed value
of \. Despite the lack of theoretical proof, we of course conjecture that standard
spherical codes are a good solution. This will be verified in experiments (figure[]]
plots 4,5,6). However, we see that it works in simulations for moderate numbers
of antithetic variables placed according to standard spherical codes. But for
k = 2¢ antithetic variables at the vertices of an hypercube, it does not work when
dimension increases, i.e. hypercube sampling is not a good sampling. Note that
the spherical codes A = 2d (generalized octahedron, also termed biorthogonal
spherical code) and A = d 4 1 (simplex), which are nice and optimal for various
points of view, seem to scale with dimension. Their benefit in terms of the
reduction of the number of function evaluations behaves well when d increases.
Of course, more experimental works remain to be done.

5 Conclusion

We have shown that (i) superlinear methods require a fine decision about the
stepsize, with at most a very little randomization; (ii) if we accept linear conver-
gence rates and keep the randomization of the step size, we however need, in order
to break the curse of dimensionality (i.e. keeping a convergence rate far from 1),
a fine decision about the direction, with at most a very little randomization.
This shows the price of isotropy, which is only a choice when less randomized
techniques can not work. In a second part, we have shown that isotropy can be
improved; the naive isotropic method can be very easily replaced by a non i.i.d
sampling, thanks to stratification (jittering) or antithetic variables. Moreover, it
really works on experiments.

The main limit of this work is its restriction to isotropic methods. A second
limit is that we have considered the second order of sampling inside each epoch,
but not between successive epochs. In particular, Gauss-Seidel or generalized
versions of Gauss-Seidel ([I4U15]) are not concerned; we have not considered
correlations between directions chosen at successive epochs; for example, it
would be natural, at epoch n + 1, to have directions orthogonal to, or very
different from, the chosen direction at epoch m. This is beyond the simple
framework here, in particular because of the optimal step size, and will be the
subject of a further work.

The restriction to 3 antithetic variables in theorem 4 simplifies the theorem;
this hypothesis should be relaxed in a future work. Theorem 5 shows that good
point sets exist for any number of antithetic variables, theorem 4 explicitly
exhibits 3 antithetic variables that work and that are equal to the optimal
spherical code for n = 3, but figure [ (figs. 4,5,6) suggests that more generally
octahedron-sampling or simplex-sampling (which are very good spherical codes,
see e.g. [6]) are very efficient, and in particular that the improvement remains
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strong when dimension increases. Are spherical codes ([6]) the best choice, as
intuition suggests, and are there significant improvements for a number n = \/k
of antithetic variables large in front of d ? This is directly related to the speed-up
of parallelization.
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Fig. 1. Antithetic variables look better. Plots 1,2,3: with p the average progress rate
/11X ][/ Xo]| on the sphere, we plot d(1 — p) in two cases (i) independent uniform
sampling (ii) stratified sampling. Each point corresponds to one run. n = 100 for each
run. The step size is equal to the optimal one. The three plots respectively deal with
A =d, A =2d and X = 2¢. The improvement in terms of number of fitness-evaluations
is the ratio between the log(.) of the convergence rates. For dimension 2, the difference
in terms of number of function-evaluations is close to 20 % but quickly decreases. Plots
4,5,6: with p the average progress rate "/||Xn||/||Xo|| on the sphere, we plot d(1 — p)
in two cases (i) independent uniform sampling (ii) antithetic sampling with A = 3 (plot

4) or A = d with an antithetic sampling by random rotation of a regular simplex (plot
5) or A = 2% with an antithetic sampling by random rotation of {—1,1}¢ (plot 6). n
and the step size are as for previous plots. For dimension 2 to 6, the difference in terms
of number of function-evaluations for a given precision are between 12 % and 18 % for
X = 2% and remain close to 20 % for the octahedron A = 2d for any value of d. We also
experiments the direct inclusion of quasi-random numbers in the Covariance-Matrix-
Adaptation algorithm ([II]); the resulting algorithm, termed DCMA, in which the
only difference with CMA is that the random-generator is replaced by a quasi-random
generator, is more stable and faster than the classical CMA; results are presented in
http://www.Iri.fr/” teytaud/resultsDCMA.pdf.
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Abstract. NK landscapes (NKL) are stochastically generated pseudo-
boolean functions with N bits (genes) and K interactions between genes.
By means of the parameter K ruggedness as well as the epistasis can be
controlled. NKL are particularly useful to understand the dynamics of
evolutionary search. We extend NKL from the traditional binary case
to a mixed variable case with continuous, nominal discrete, and integer
variables. The resulting test function generator is a suitable test model
for mixed-integer evolutionary algorithms (MI-EA) - i. e. instantiations
of evolution algorithms that can deal with the aforementioned variable
types. We provide a comprehensive introduction to mixed-integer NKL
and characteristics of the model (global/local optima, computation, etc.).
Finally, a first study of the performance of mixed-integer evolution strate-
gies on this problem family is provided, the results of which underpin its
applicability for optimization algorithm design.

1 Introduction

NK landscapes (NKL, also referred to as NK fitness landscapes), introduced
by Stuart Kauffman [6], were devised to explore the way that epistasis controls
the 'ruggedness’ of an adaptive landscape. Frequently, NKL are used as test
problem generators for Genetic Algorithms. NKL have two advantages. First, the
ruggedness and the degree of interaction between variables of NKL can be easily
controlled by two tunable parameters: the number of genes N and the number of
epistatic links of each gene to other genes K. Second, for given values of N and
K, a large number of NK landscapes can be created at random. A disadvantage
is that the optimum of a NKL instance can generally not be computed, except
through complete enumeration.

As NKL have not yet been generalized for continuous, nominal discrete, and
mixed-integer decision spaces, they cannot be employed as test functions for
a large number of practically important problem domains. To overcome this
shortcoming, we introduce an extension of the NKL model, mized-integer NKL

T.P. Runarsson et al. (Eds.): PPSN IX, LNCS 4193, pp. 42-[51] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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(MI-NKL), that capture these problem domains. They extend traditional NKL
from the binary case to a more general situation, by taking different parameter
types (continuous, integer, and nominal discrete) and interactions between them
into account (cf. Figure [I).

EAEAEAEAEA EA EARAES

Fig. 1. Example Genes and their interaction

This paper is organized as follows. First, in Section 2, we will give a review of
Kauffman’s NKL and its variants. In Section 3, we extend NKL to the mixed-
integer case , provide theorems on the existence and position of local and global
optima, and discuss the implementation of the model. Some initial experimental
results are given in Section 4 using a mixed-integer Evolution Strategy. Conclu-
sions and topics for future research are discussed in Section 5.

2 NK Landscapes

Kauffman’s NK Landscapes model defines a family of pseudo-boolean fitness
functions F : {0,1}" — RT that are generated by a stochastic algorithm. It
has two basic components: A structure for gene interaction (using an epistasis
matriz E), and a way this structure is used to generate a fitness function for all
the possible genotypes [I]. The gene interaction structure is created as follows:
The genotype’s fitness is the average of N fitness components F;, i =1,..., N.
Each gene’s fitness component F; is determined by its own allele x;, and also
by K alleles at K (0 < K < N — 1) epistatic genes distinct from 4. The fitness
function reads:
1N
F(x) = NZFi(mi;mil,...mik), x e {0,1}V (1)
i=1

where {i1,...,ix} C{1,..., N} —{i}. There are two ways for choosing K other
genes: ‘adjacent neighborhoods’, where the K genes nearest to position ¢ on the
vector are chosen; and ‘random neighborhoods’, where these positions are chosen
randomly on the vector. In this paper we focus on the latter case, ‘random
neighborhoods’. However, a translation to the first case is straightforward.

The computation of F; : {0,1}% — [0,1), i = 1,..., N is based on a fitness
matriz F. For any i and for each of the 251 bit combinations a random number
is drawn independently from a uniform distribution over [0, 1). Accordingly, for
the generation of one (binary) NK landscape the setup algorithm has to gener-
ate 251N independent random numbers. The setup algorithm also creates an
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epistasis matrix E which for each gene i contains references to its K epistatic
genes. Table [l illustrates the fitness matriz and epistasis matriz of a NKL. A
more detailed description of its implementation can be found in [4].

Table 1. Epistasis matrix E (left) and fitness matrix F' (right)

Eqv1] | E2] |-+ -+ |- | EL|K RO | R |- F1[2K+1_”
Ex (1) | E22) |-+ -+ |- | EA|K RO R]|---| - |- F2[2K+1—1}
Enx[1]|EN2]|---| - |- - |En[K] Fn[O]|En[1]]- -] - |- FN[2K+1—1}

After having generated the epistasis and fitness matrices, for any input vector
x € {0, 1} we can compute the fitness in O(K N) computational complexity via:

N
1
F(x) = NZFi[QO@“i + 2%y + o+ 28 ) (2)

i=1

Note, that the generation of F' has an exponential computational complexity and
space complexity in K, while being linear in N. The computational complexity
for computing function values is linear in K and NN for this implementation.

2.1 Properties of NK Landscapes

Kauffman’s model makes two principal assumptions: first, that the fitness of a
genotype is the sum of the contributions from each gene, and second, that the
effects of polygeny and pleiotropy make these interactions effectively random.
Besides Kaufmann, some other researchers, e. g. Weinberger et al. [I0/9], did an
extensive study on NKL. Some well-known properties are:

1. K = 0 (no epistasis): The problem is separable and there exists a unique
global optimum. Assuming a Hamming neighborhood-structure, the problem
gets unimodal.

2.1 < K <N —1: For K =1, a global optimum can still be found in poly-
nomial time [I0]. For K > 2, global optimization is NP-complete for the
random assignment of neighbors and constant K. However, the problem can
always be solved in a computational complexity of 2V function evaluations
and hence can practically be solved for problems of moderate dimension
(N around 30). For adjacent neighbors, the problem can be solved in time
O(2KN) (cf. Weinberger [10]).

3. K = N — 1: This corresponds to the maximum number of interactions be-
tween genes. Practically speaking, to each bitstring of F : {0,1}¥ — [0,1)
we assign a sum of N values, each of which is drawn independently from a
uniform distribution in [0,1). If we choose the Hamming neighborhood on
{0,1}¥ the following results apply:

e The probability that a random bit string is a local optimum is w2

e The expected number of local optima is 13—_]:1
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3 Generalized NK Landscapes

As mentioned in the previous section, Kauffman’s NKL model is a stochastic
method for generating fitness functions on binary strings. In order to use it as a
test model for mixed-integer evolution strategies, we extend it to a more general
case such that the fitness value can be computed for different parameter types.
Here we consider continuous variables in R, integer variables in [2min, Zmaz] C Z,
and nominal discrete values from a finite set of L values. In contrast to the
ordinal domain (continuous and integer variables), for the nominal domain no
natural order is given. Mixed-integer optimization problems arise frequently in
practise, e.g. when optimizing optical filter designs [2] and the parameters of
algorithms [g].

The idea about how to extend NKL to the mixed-integer situation will be
described in three steps. First we propose a model for continuous variables, then
for those with integer variables and nominal discrete variables. Finally, we will
discuss the case of NKL that consists of all these different variable types at
the same time and allow for interaction among variables of different types. This
defines the full mixed-integer NKL model.

3.1 Continuous NK Landscapes

In order to define continuous landscapes, we choose an extension of binary NKL
to an N-dimensional hypercube [0, 1]"V. Therefore, all continuous variables are
normalized between [0, 1]. In the following we describe the construction of the
objective function F' : [0,1]Y — [0,1):

Whenever the continuous variable takes values at the corners of the hyper-
cube, the value of the corresponding binary NKL is returned. For values located
in the interior of the hypercube or its delimiting hyperplanes, we employ a multi-
linear interpolation technique that achieves a continuous interpolation between
the function values at the corner. Note that a higher order approach is also possi-
ble but we chose a multi-linear approach for simplicity and ease of programming.
Moreover, the theory of multi-linear models as used in the design and analysis
of experiments, introduces intuitive notions for the effect of single variables and
interaction between multiple variables of potentially different types [3]. For each
of the N fitness components F; : [0,1]5*! — [0,1), we create a multi-linear

function
oK+l_

K
k k
Fy(x) = Z [1 AND 5] H 2% anD j]/2 7 3)

j=0 k=1
where AND is the bitwise and operator and z;, is the k-th epistatic gene of z;.
For instance, in the case K = 2 the formula for F; (x) becomed:

aboo+ b1 Ti+ah1oTi, +ai00Tiy +ah11Tili, +a501 i, + 01020, Tiy + 0T 11 T, Ty

! Note, that we use binary instead of decimal numbers for the index to make the
construction more clear.
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Once uniformly distributed random values have been attached to the corners
of the K-dimensional hypercube (cf. Figure ), we can identify the coefficients
afy, ..., ahxr_, by solving a linear equation system (LES). However, even for
moderate K the computational complexity for applying general LES solvers
would be prohibitive high. An advantage of the multi-linear form (as compared
to other interpolation schemes like radial basis functions or splines) is, that it
allows for an efficient computation of the coefficients by exploiting the diagonal
structure of the equation system. Accordingly, a} can be obtained by means of
the following formula:

j—1
ah = F;[0],a} = F[j] - Z [ajl(¢= (¢ AND j))],j=1,....251 -1 (4)

£=0
In order to compute the values, we have to start with ;7 = 0 and increase the

value of j. Hence, the number of additions we need for computing all coefficients
is proportional to (2541 — 1)(2K+1)/2 = 22(K+1)=1 _ oK,

Xi,
a600 = FZ(Ov 07 0)
Fi(1, Fi(1,1,0)  agor = Fi(0,0,1) — agoo
(1 ap10 = Fi(0,1,0) — agoo
i1, Fi(1,[1,1) i — (0. 1.1 i i i
ap11 = z( y by ) — Ggoo — A@po1 — Ao10
ajoo = Fi(1,0,0) — agoo
F;(0,9-0) Fi(0,1,0)
Xi,
F;(0, 04 F;(0,1,1) ajn = Fi(1,1,1) — agoo — ago1 — Go10 — G011
—a100 — Q191 — @
X; 100 101 110

Fig. 2. Example HyperCube with K = 2 and the computation of aj-

Once we have the aj» values, we can use Equation[Ilto compute the model. Of
course the domain of the x values has to be replaced by [0, 1]Y in that equation.
For the computation of the global optimal value of the continuous NK landscapes
the following lemma is useful:

Lemma 1. At least one global optimum of the function F' will always be located
in one of the corners of the IV dimensional hypercube, such that the computation
of the optimal function value upper bounds the computational complexity for
the binary model.

Proof: The idea of the proof is that there is an algorithm that for any given input
x* € [0,1]" determines a corner of the hypercube, the function value of which
is not higher than the function value at F', given that F' has a multilinear form.
Basically, the proposed algorithm can be described as a path oriented algorithm
that searches parallel to the coordinate axis: First we fix all variables except one,
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say x1, in F'. It is now crucial to see that the remaining form F(z1,x3,..., 2% ) is
a linear function of x1. Now, because the form is linear, it is obvious to see that
either (1,a%,...,2%)7 or (0,23,...2%)T has a function value that is better or
equal than the function value at (23, ..., 2%)T. We fix z1 to a value for which this
is the case, i.e. we move either to (1,23, ...,2%) or to (0,23, ...2%)T without
increasing the function value. For the new position x'* we again fix all variables
except one. This time x5 is the free variable. Again we can move the value of x5
either to zero or to one, such that the function value does not increase. Now, the
new vector x'2* will either be (1*,0,23,...,2%)T or (z1*,1,23,...,2%)T. After
continuing this process for all remaining variables x3 to xny we finally obtain a
vector x'2"NV*_ all values of which are either zero or one, and the function value
is not worse than that of x*. |

From Lemma 1 it follows:

Theorem 1. The problem of finding the global optimal value for a continuous
NKL is NP-complete for K > 2.

Proof: Finding the optimum in the corner is equivalent to the NP-complete
binary case. By applying Lemma 1, we can reduce the continuous case to the
binary case. On the other hand, whenever we find the global optimal solution for
the continuous case, in polynomial time we can construct a just as good solution
where all optima are located at the corners in linear time. Thus, there exists a
polynomial reduction of the binary case to the continuous case. O

3.2 Integer NK Landscapes

Based on our design, NKL on integer variables can be considered to be a special
case of continuous NKL. The integer variables can be normalized as follows: Let
Zmin € Z denote the lower bound for an integer variable, and z,q,; € Z denote
its upper bound. Then, for any z € [zmin, Zmaz] C Z we can compute the value
of x = (2 — Zmin)/(Zmaz — Zmin) in order to get the corresponding continuous
parameter in [0, 1], which can then be used in the continuous version of F to
compute the NKL. Note that the properties discussed in Lemma 1 and Theorem
1 also hold for integer NKL.

3.3 Nominal NK Landscapes

To introduce nominal discrete variables in an appropriate manner a more radical
change to the NKL model is needed. In this case it is not feasible to use inter-
polation, as this would imply some inherent neighborhood defined on a single
variable’s domain x; € {di,...,d%}, i = 1,..., N, which, by definition, is not
given for the nominal discrete case. We will now propose an extension of NKL
that takes into account the special characteristics of nominal discrete variables.

Let the domain of each nominal discrete variable x;, i = 1,..., N be defined
as a finite set of maximal size L > 2. Then for the definition of a function on
a tuple of K + 1 such values we would need a table with LX*! entries. Again,
we can assign all fitness values randomly by independently drawing values from
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a uniform distribution. The size of the sample is upper-bounded by LE+!. For
L = 2 this corresponds to the binary case. After defining IV fitness components
F;, we can then sum up the values of these components for the NKL model (eq.[I]).
The optimum can be found by enumerating all input values, the computational
complexity of which is now LY. The implementation of the function table and
the evaluation procedures are similar to that of the binary case. Note, that for
a constant value of L and K the space needed for storing the function values is
given by NLE+1 5o is the computational complexity for generating the matrix.
The time for the function evaluations is proportional to N(K + 1).

Equipping the discrete search space with a Hamming neighborhood, in case
K = 0 the problem remains unimodal. For K > 0, we remark, that for the
general problem with L > 2, the detection of the optimum is more difficult than
in the binary case. Hence, the binary case can be reduced to the case L > 2, but
not vice versa. For the case of full interaction (K=N-1) we show:

Lemma 2. For the nominal discrete NKL with K = N — 1, L = constant, and
Hamming neighborhood defined on the discrete search space, the probability

that an arbitrary solution x gets a local optimum is m Moreover the

expected number of local optima is N(LLle)H

Proof: Given the preliminaries, N(L — 1) is the number of Hamming neighbors
for any solution x € {1,..., L}". Since we assign a different fitness value from the

interval [0, 1) independently to each neighbor, the probability, that the central
solution, i.e. x itself becomes the best solution, is 1/(N(L — 1)+ 1). Since, LY is

the number of search points in {1,..., L}" we can compute the expected number
of local optima as N(LLfNI)H O

3.4 Mixed Integer NK Landscapes

It is straightforward to combine these three types of variables into a single NKL
with epistatic links between variables of different types (cf. Figure[ll). For mixed
variables of the integer and continuous types there is no problem, since integers,
after normalization, are treated like continuous variables in the formula of F'. If
there are D nominal discrete variables that interact with a continuous variable,
then the values of these discrete variables determine the values at the edges of
the K — D dimensional hypercube that is used for the interpolation according to
the remaining continuous and integer variables. Note that for different nominal
discrete values the values at the corners of the K — D dimensional hypercube
will change in almost every case.

Instead of describing the mixed variable case in a formal manner we give
an illustrating example (cf. figure B]). This example shows one individual with
three parameters (one continuous, one integer and one discrete), and each gene
interacts with both other genes. For each gene, a hypercube is created. We
assume there are three levels for the discrete gene X4 (L = 3), so the hypercube
is reduced to three parallel planes, and the value of the discrete gene decides
which plane is chosen. More concretely, assuming the individual has the following
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values: Xg = 0,X; = 0.4, X, = 0.8, the value of the discrete parameter Xy
determines which square is chosen (X4 = 0). The value for each corner is based
on the fitness matrix in Table 2 (bold displayed). As mentioned in the previous
chapter, we calculate the fitness value of this individual as follows:

Fr(a, X) =ag + aer + G,QX»L‘ + agXin
ap = F,(0,0) = 0.8, a; = F,(0,1) —ag = —0.1
as = Fr(l,O) —ap = —0.1, as = Fr(l, ].) —ap — a1 —ag = —0.1
F,(0.4,0.8) = 0.648

Fr(1,/0)=0.7 Fr(1, 1)=0.5

Xi

Fr(0.4, O.S)O

- Fd
Xd I ] .
Fr(0, 0)=0.8 Fr(0,1)=0.7 Xr

Fig. 3. Example for the computation of a MI-NK landscape

Table 2. Example epistasis matrix (left)and fitness matrix (right)

B[] = X;|E.2] = X4 0.8]0.770.7]0.5]] 10.3]0.7]0.2[0.9] ]0.5[0.6]0.3[0.5
El] = X, |Ei[2] = X4| [F-]0.5[0.8[0.4]0.7|[F;[0.2[0.3]0.7]0.9][F4]0.9]0.8]0.2]0.7
Eql] = X, |Eal2] = X; 0.2]0.1]0.8]0.4] [0.2[0-5[0-4[0.6][ [0.8[0.7[0.3[0.3

4 Experimental Results

In order to test our mixed-integer NKL problem generator we have tested it
using a (u,k,A) mixed-integer evolution strategy (MI-ES) as described in [5].
Here mutation distributions with maximal entropy are employed for the muta-
tion of continuous variables (Gaussian distribution), integer variables (geometric
distribution), and nominal discrete variables (uniform distribution). While for
the first two types a step-size parameter can be learned, in the latter case a
mutation probability is learned. We use a population size u of 4, offspring size
A of 28 and k = 1 (comma-strategie). The stepsize/mutation-probability of each
variable was set to 0.1 and the standard MI-ES mutation and crossover operators
are used. The maximum number of fitness evaluations is set to 3000.

To see the effect of different values of K we generated 50 problem instantia-
tions for N = 15 and for each value K < 14 (750 MI-NKL problems in total)
so that it is still feasable to find the global optimum by evaluating all bitstrings
of length 15. Each generated problem consists of 5 continuous, 5 integer and 5
nominal discrete variables. The continuous variables are in the range [-10,10],
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the integer-valued variables are in the range [0,19] and we used {0,1} for the
nominal discrete variables (Booleans). As described previously the continuous
and integer-valued variables are normalized to fit in the interval [0,1] before
evaluation. To compare (and average) the results of the different experiments we
define the following error-measure:

error = best found fitness - best possible fitness

0.1

average error

0 500 1000 1500 2000 2500 3000
fitness evaluations

Fig. 4. The error averaged over 50 mixed-integer NK landscape problems with N = 15.
Each problem contained 5 continuous, 5 integer-valued and 5 Boolean-valued variables.

The results are displayed in Figure[dl The x-axis shows the number of evaluations
while the y-axis shows the average error (over 50 experiments). As can be seen
an increase in K results in an increase in error which indicates the problem
difficulty increases with K. The fact that even for K = 0 the MI-ES algorithm
has problems achieving an average error of 0 is because in order to find the
global optima all variables, including the continuous ones, have to be exactly
either 0 or 1 (after normalization). This is hard for the continuous part of MI-
ES individuals because of the mutation operator used. In the mutation, we used
a reflection at the boundary method for keeping the variables within the [0, 1]
intervals [5]. This does not favor solutions that are directly at the boundary,
as this is done by other interval treatment methods, like for example logistic
transformation [2]. However, the latter mutation operator adds a bias to the
search and makes it more easy to locate solutions at the boundary than in the
interior, which is why we did not use it here.

5 Conclusion and Outlook

The NK landscape model has been extended to the mixed-integer problem do-
main. It turns out that a multi-linear interpolation approach for the continuous
and integer variables provides a straightforward generalization of this model,
that can also be easily implemented. Using Equation [3 function values can be
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computed in linear time. However, the detection of the global optimum turns
out to be a NP-complete problem for K > 2 and can be reduced to the problem
of detecting the global optimum for the binary case.

An alleged drawback of the interpolation approach is that its optima are
always located in the corners of the search space. There are some ways of how
this problem could be addressed. One way would be to transform the input
variables by means of a periodic function and mapping them back to [0, 1],
e.g. to substitute x; by s(x;) = % + % cos(mx; + m) and restrict x; to the interval
[-0.5,1.5] fori =1,..., N.It is easy to show that the optima for this transformed
function are at the same position as for the original model.

For the nominal discrete variables the binary NK landscape was extended
to a L-ary representation. For this the amount of random numbers increases
exponentially with L. Also, for N = K — 1 it has been shown that the number
of local optima increases exponentially with L.

One of our intentions for developing MI-NKL was to further improve the MI-
ES approach. The experiments demonstrate the applicability of the MI-NKL
problem generator and that the difficulty for finding the global-optimum grows
with K. Future work will focus on exploring more of the characteristics of the
MI-NKL, including its specializations: continuous, integer and discrete NKL.
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Abstract. We investigate (1,A\) ESs using isotropic mutations for opti-
mization in R™ by means of a theoretical runtime analysis. In particular,
a constant offspring-population size A will be of interest.

We start off by considering an adaptation-less (1,2) ES minimizing a
linear function. Subsequently, a piecewise linear function with a jump/cliff
is considered, where a (1+X) ES gets trapped, i. e., (at least) an exponen-
tial (in n) number of steps are necessary to escape the local-optimum re-
gion. The (1,2) ES, however, manages to overcome the cliff in an almost
unnoticeable number of steps.

Finally, we outline (because of the page limit) how the reasoning and
the calculations can be extended to the scenario where a (1,\) ES using
Gaussian mutations minimizes CLIFF, a bimodal, spherically symmetric
function already considered in the literature, which is merely SPHERE
with a jump in the function value at a certain distance from the mini-
mum. For A a constant large enough, the (1,A) ES manages to conquer
the global-optimum region — in contrast to (1+\) ESs which get trapped.

1 Introduction

Since Schwefel has introduced the comma selection in the late 1960s (cf. [Schwefel
(1995)), every now and then there have been long debates about whether to
favor elitist or comma selection. Unlike for the discrete search space {0,1}"
where according tolJansen et all (2005, p. 415) “the difference between an elitist
(I+X) EA and a non-elitist (1,\) EA is less important”, for optimization in the
contiuous domain R"™ this difference can be crucial. It seems common knowledge
that comma selection should be auxiliary when a multi-modal function is to
be optimized or when noise makes the function to appear multi-modal to the
evolution strategy (ES) (cf. |Arnold (2002)). On the other hand, it seems clear
that on a smooth unimodal function elitist selection will always outperform
comma selection — provided that an adequate mutation adaptation is used.
The insights about the optimzation of multimodal functions, however, base on
intuition and a huge number of experimental investigations of the performance of
a large variety of ESs — rather than on theoretical investigations. One reason for

* Supported by the German Research Foundation (DFG) through the collaborative
research center “Computational Intelligence” (SFB 531) resp. grant We 1066/11.

T.P. Runarsson et al. (Eds.): PPSN IX, LNCS 4193, pp. 52-[GI] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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this may be that the common progress-rate approach is unapplicable for these
kinds of scenarios since it (implicitly) demands the progress to become stationary
(possibly using some kind of normalization, for instance w.r. t. the distance from
the optimum and/or the search space dimension). lJagerskiippern (2005) at least
proves that elitist selection is no good choice when the fitness landscape shows
“cliffs” or “gaps”; the more challenging question whether comma selection would
do better is not tackled.

The present paper tackles this question. Namely, we follow this approach and
contribute to the debates by investigations that base on probabilistic runtime
analysis known from the classical field of the analysis of randomized algorithms
in theoretical computer science.

2 The Simplest Scenario

We consider the linear function SuM,,: R™ — R defined by
SUM,(x) := sz
i=1

which is also called ONEMAX when « € {0, 1}". For a given function-value a € R
let Hgyy—q denote the hyper-plane {x | SuM(x) = a} C R™. Obviously, Hgyn—q
and Hguy—p are parallel, and it is easy to see that the distance between the two
hyper-planes equals |a — b|/+/n. Furthermore, for a search point ¢ € R™ let H,
abbreviate Hgyy=sum(e), 1-€. He = {x | SUM(x) = SuM(c)}. Thus, for instance,
a mutation of the current search point ¢ corresponds to a SuM-gain of 1 (we
consider minimization!) iff the mutant ¢’ = e¢+m lies in Hgyy—syu(c)—1, implying
that dist(¢’, He) = 1/+4/n, where “dist” denotes to the Euclidean distance — as
we minimize in Euclidean n-space. Furthermore, we focus on the function (class)
LINCLIFFZ : R" — R with A: IN — R defined by

SuM,, () for Sum, () > 0,

LINCLIFFZ :=
" {SUMn(:B) +v/n-A(n) for Sum,(z) < 0.

As we minimize, all points  with SuM(z) = 0 are local optima with function
value 0 (there is no global optimum); namely, the hyper-plane Hgyy—o contains
all local optima. For x with negative SUM-value a “penalty” of \/n - A is added,
where A might depend on n. Thus, there are two different hyper-planes with
LINCLIFF-value 0: one is Hsyy—0, which contains all local optima, and the other
one is Hgyy—_ ma- Recall that the distance between these two hyper-planes
equals A.

When talking about “the gain” of a mutation or a step, we mean the spatial
gain of a mutation/step (unless we explicitely state “SuM-gain”, of course). The
change in the SuM-value is merely used as an indicator whether the mutant of ¢
lies in the one half-space w.r.t. the hyper-plane H. or in the other.

As we focus on isotropically distributed mutation vectors, the larger the length
of m, the larger the expected distance between the mutant ¢’ and H, (and the
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larger the expected SuM-gain). To focus on the core of the reasoning, for the
present we consider unit isotropic mutations, i. e. isotropic mutations the lengths
of which are not random but concentrated at 1 (so that the mutation vector m is
uniformly distributed upon the unit hyper-sphere). Later we show how to extend
the calculations to (scaled) Gaussian mutations, the length of which follows a
(scaled) x-distribution. So, the random spatial gain

G dist(c¢’, He) if Sum(c’) < Sum(e)
T | —dist(¢/, He) if Sum(c’) > Sum(c)

corresponds to the “signed distance” of the mutant from the hyper-plane con-
taining its parent.|Jagerskiipper (2003) shows that the density of G at g € [—1, 1]
equals (1 — g?)(=3)/2 /@ for n > 4, where ¥ := fil(l — ¢?)("=3)/2 dg lies in the

interval /27 / v/n — [1.5 £ 0.5] (normalization), giving a symmetric bell-shaped
function with inflection points at +1/v/n—4 for n > 6.

When the (14+1) ES minimizes SUM, the expected gain of a step, which consists
of a (unit isotropic) mutation and selection, equals the expectation of the random
variable (r.v.) GT := G-1{¢>0} since the indicator variable “1{G>0}” implements
elitist selection (in this case). We have

g = E[Gﬂ _ /lg a _92)(7173)/2 dg/@ —(n— 1)71/W c [0.3989 0.4 } .
0

Vn+l Vn—1

For the (1,\) ES, however, G.), the maximum of A independent copies of G,
equals the gain of a step. The following general property of the second-order
statistic of a symmetric r.v. tells us that the expected one-step gain of the
(1,2) ES (when optimizing SUM) is at least as large as the one of the (141) ES
(cf. the appendix for a proof).

Proposition 1. Let the r.v. X be symmetric, i. e., P{X > g} = P{X < —g} for
g € R. Then E[Xa.0] > E[X - 1{x>0}] (= E[X | X > 0]/2).

Hence, also the expected total gain of i steps of the (1,2) ES is at least as large
as the expected i-step gain of the (14+1) ES. There is a crucial difference, though:
Unlike for the (1+1)ES, for the (1,2)ES the total gain GL, of i steps, which
is formally the sum of ¢ independent copies of Ga.2, can be negative, i.e., the
evolving search point may visit the half-space consisting of all points with a
larger SUM-value than the initial search point. Note that G[Qi:]2 is a generalized
random walk. ‘

We are interested in the r.v. G := inf;>¢ G[QZ:]Q, the maximum loss compared
to the starting point. In particular, we’d like to know P{Gi§ > 0}, the probabil-
ity that the evolving search point is never (i.e. even when running the (1,2) ES
ad infinitum) worse than the initial one. (As the very first step yields a negative
gain with probability 1/4, obviously P{G% >0} < 3/4.)
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Lemma 2. P{G}% >0} = 0(1).

Proof. Recall that E[G2.2] > g (= E[GT]). Consider the partition of R>( given
by the intervals P; = [ -3;g - (i+1)3) for i € INy. Note that the width of P
equals w; := g - (3i%> + 3i + 1). We identify the current search point with the
corresponding total (spatial) gain. Then we are interested in the probability of
getting from P; to Ps; := U;;P; without hitting R<o. In fact, we want to prove
that, when starting in P;, the probability of hitting Rg before hitting Ps; is
e~ Since, for k a constant large enough, 3., e™*(® < 1/2, we would know
that once the current individual has made it into Py, then with probability at
least 1/2 it would never again visit the half-space corresponding to a negative
total gain. On the other hand, since P{Ga2.2 > g} > P{G > g} = (1), with
probability P{G2.2 > g}ksz 2(1) each of the first k3 steps yields a gain of at
least g, implying that Py is hit without visiting R«q. All in all, we’d have shown
that R« is never visited right from the start with probability 2(1)-1/2 = 2(1).

It remains to show that the probability of hitting Ry before P~; when start-
ing in P, is in fact bounded by e~ (). Therefore, recall that the width of P
equals w; = g - (3i2 + O(i)). Thus, the expected number of steps necessary to
get from § - i® (= min P;) into P; (possibly including a visit to Rg) is at most
w; /g = 3i% + O(i) (by using a modification of Wald’s equation). As P; is at
distance §i® from R.g, one may already foresee that the probability of a visit
to R« becomes smaller and smaller as i increases.

Formally, we want to prove that this probability is e . Therefore, consider
the period starting (ending) with the first visit to P; (resp. Ps;). Assume that
in each mutation in this period |G| was at most v/i - §. Then in each step Ga.o >
—/i - g, and thus, more than g-i%/(v/i-g) = i*>° steps would be necessary for
a visit to R« to be at all possible. For i large enough, the expected conditional
one-step gain (under the condition |G| < v/ig) is at least §/2 (see appendix),
and hence, the expected number of necessary steps (under the condition on
|G|) is at most 2 - (3i2 + O(i)) = 6i? + O(i). By Hoeffding’s bound, for i large
enough, 9i% steps do not suffice with a probability of e~ (see appendix). As
the condition on |G| is not met also with probability e~ () (see appendix), the
total failure probability (of not getting from P; into Ps; within 9i? steps such
that in each of these steps |G| < v/i g for both mutations) is upper bounded by
e 20 £ 2.9:2. 720 = ¢ 20 Finally note that (under the condition on |G|
and for i large enough) R( cannot be reached in 9i? steps as we have already
seen. In short, with probability 1 — e~ the search gets from P; (in particular
from g -4 = min P;) into Ps; without visiting R« in at most 9i2 steps. g

—2(0)

As “GiPY > 07 implies that R—q is never visited, the probability of observing
b > 0 drop-backs to R is bounded above by (1 — £2(1))® = e=%®)_ Thus, the
search drops behind the hyper-plane containing the initial search point at most
n® times w. 0. p., where we can choose the positive constant ¢ arbitrarily small.

Now consider the minimization of LINCLIFF4 where A > 0. Recall that there
are two different hyper-planes with LINCLIFF-value 0: Hgyy—g, which contains
all local optima, and Hgyy—_ /m- The distance between these two hyper-planes



56 J. Jagerskiipper and T. Storch

equals A. Call the half-space Hgyu>0 = {x | SuM(z) > 0} local-optimum region.
Then a mutant ¢’ of ¢ € Hsyu>o that hits Hgyw<o (i-€., it leaves the local-
optimum region) such that LINCLIFFZ (¢/) < LINCLIFFA (¢) must necessarily
yield a spatial gain of at least A. Then P{G > A} equals the corresponding
probability of such a successful mutation. For unit isotropic mutations, the eli-
tist (14+X) ES cannot overcome the cliff if A > 1, of course. [JAgerskiippen (2005)
investigates how the chances of (14+X) ES (using isotropic mutations) to get over
cliffs/gaps depends on how the size of the cliff relates to the step length /mutation
strength. Note that, unlike for the spherical symmetric function CLIFFZ' consid-
ered therein, for LINCLIFFf there is always a good chance of getting over the
cliff if only the step length is made appropriately large.

In the present paper, however, we show that a (1,2) ES manages to overcome
the cliff in a “short” time independently of how large A is. The challenge is to show
that drop-backs to Hsyu>0 become more and more unlikely with the number of
escapes and, in particular, to prove an upper bound on the number of steps neces-
sary to get that far away from the local-optimum region such that there is w. o. p.
no drop-back. The next result tells us that, if the current search point is “close to
the cliff” in the local-optimum region, then with a “considerable” probability the
local-optimum region is left in the next step once and for all.

Lemma 3. Let the (1,2) ES minimize LINCLIFFS using unit isotropic muta-
tions. Assume that after t steps the current search point ¢! lies in the half-space
Hgyn>o0 such that P{c[t] +m e HSUM<0} = {2(1). Then, independently of A,
P{clt+i] € Hyyyeo for j € N} = 2(1).

Proof. Obviously, we will follow the proof of Lemma 2l With a probability of
P{c[t] +m € HSUM<0}2 = (2(1) both mutants of c!”! generated in the next step
lie in Hguy<o so that one of them becomes el*T11. Subsequently, with a probability
of (P{G > g} -1/2)¥" = Q(1) for the constant k from the proof of Lemma [ in
each of the k2 following steps both mutants yield positive gains such that one of
them is at least g. Then a drop-back to Hgyu>0 is precluded within these steps,
and moreover, the distance from Hgyy>0 is at least k3G after these steps. From
here on (when i > k), exactly the same reasoning about getting from P; into Px;
without ever dropping behind Hgyy—qg as in the proof of Lemma [2 applies. O

As a consequence, w.o.p. we observe at most n® drop-backs, where the con-
stant € > 0 can be chosen arbitrarily small. The question is how many steps
it takes the (1,2) ES until this has happend. Therefore, we must show first
that, when in Hgyu>0, the search gets close enough to the cliff Hgyy—o for
P{c+m € Hgyu<o} to be £2(1). Note that (as [Jagerskiipper (2003) shows) in
fact P{c + m € Hgyu<o} = 2(1) <= dist(e, Hsou<o) = O(E[GT]). The next
result tells us that, when the search approaches the cliff, as long as the distance
from the cliff is at least four times the (stationary one-step) drift on Sum, the
drift towards the cliff is at least a quarter of this drift.

Lemma 4. Let the (1,2) ES minimize LINCLIFFS in R" using unit isotropic
mutations. If the search point c lies in the local-optimum region Hgyy>o such
that dist(c, Hsun—o) > 4E[GT] then E[Ga.a - 1{G1,G2<dist(e,Hsm—0)}] > E[GT]/4.
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Proof. Recall g := E[GT]. The appendix shows E[GT - 1{a<\/2/n}] > §/2 as
well as 4G > 1/2/n, and why this implies E[Ga.2 - 1{G1,G2<43}] > E[GT]/4. O

As a consequence, we merely get an additional factor of 4 in upper bounds on
the number of steps necessary for the distance from Hgyy<o to drop below 4 g.

Theorem 5. Let the (1,2) ES minimize LINCLIFFS in R using unit isotropic
mutations. Assume that the current search point c lies in Hgyu>o such that
dist(¢, Hsun=o) = O(E[G™T]). Then, independently of A, after 3n°* steps w. o. p.
Hgyn>o has been left once and for all.

Proof. Let 6 := dist(c, Hsyn>0) within this proof and notice that § > 0 implies
¢ € Hsyu<o. The proof of Lemma [ directly implies (by choosing i = n%!, i.e.

i3 = n%3) that once § has exceeded n%3 g, the local-optimum region Hguy>0
—20°Y Using a
0.3

is never visited again w.o.p., namely with probability 1 — e
pigeonhole-principle-like argument, we will show that, if § does not exceed gn
within at most 3n%* steps, then w.o.p. there must be at least n%! drop-backs
(from Hgyu<o back into Hgyn>0). Consequently, there would also be n%1 tran-
sitions from Hgyu>o into Hsyw<o, and since for each of those there is a (1)
probability of never dropping back (Lemma [), those n°! drop-backs happen
only with probability e~ 2", Thus, since our assumption “6 does not exceed
gn®3 within 3n°% steps” implies the occurrence of an event which does not hap-
pen w.o.p., this assumption does not hold true w.o.p. In other words, w. o. p.
8 does exceed gn®3 in at most 3n%4 steps, finally implying the theorem.
Consider 2n°-2 steps, namely the r.v. S defined as the sum of 2n%3 independent
copies of Ga.0. A straightforward application of Hoeffding’s bound (just like the
one in the appendix) shows that w. 0. p. S exceeds E[S]/2 = n®3 E[Ga.2] > n°3 3.
Thus, right after a step in which Hgyy>o was left, w.o.p. within at most 2n°3
steps either there is a drop-back or § exceeds n%3g. In the latter case we are
done; if there is a drop-back, however, the question arises how many steps it
takes until the next transition from Hgyn>o into Hsym<o takes place w.o.p.
Therefore note that ¢’s distance from Hgyy<o right after a drop-back is at
most n%'g w.o.p. Thus, the number of steps until the distance from the cliff
drops below 43 again is upper bounded by 4-2n°! w. 0. p. (a rather loose bound;
the factor “4” stems from the lemma preceding the theorem, the factor “2”
from considering twice the number of steps that would suffice in expectation
to apply Hoeflding’s bound again). Recall that dist(c, Hsyu<o) = O(g) implies
P{c+m € Hguy<o} = §2(1). Thus, w.o.p. within at most n®? steps after a
drop-back, Hsyu>o is left anew (again a rather loose bound since one of n® trials
succeeds already w.o.p.). After this leave it takes w.o.p. at most another 2n°-3
steps until either a drop-back occurs again or § > n%3 g, and so on. Hence, our
initial assumption “6 < n%3 g for 3n%* steps” finally implies that w. o. p. at least
3n9%4/(2n0%3 4+ nb2) > n%! drop-backs take place. This was to be shown. O

We note that the theorem remains true if we substitute “3n%4” by “n¢, e € Rsq”.
Recall that a (1+X) ES (using unit isotropic mutations) is incapable of conquer-
ing the cliff for A := 1, for instance. It would stay in Hgyu>0 forever and keep on
converging towards Hsyy—o at a declining rate — a really noticeable difference.
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3 Extension to CLIFF and Gaussians (Extended Outline)

As already noted, when LINCLIFFf is minimized, for a fixed A we can always
choose a step length such that also a (14+X) ES can overcome the cliff in a short
time. On the other hand, for a fixed length of an isotropic mutation, there is
always a choice for A disabling a (1+\) ES from conquering the cliff. One may
argue that commonly the length of an isotropic mutation is also random. For
instance, the length of a Gaussian mutation m € R™ (each component of which
is independently standard-normal distributed) follows a y-distribution with n
degrees of freedom. Then arbitrary large lengths are possible. However, since the
density of [m| = £ equals ("~1.¢=#*/2.21-1/2 /P (/2) (a unimodal distribution
having its mode at y/n — 1 and inflection points at Vin — 1/2 4+ V2n —7/4), the
probability that the length exceeds ¢ drops exponentially for ¢ > v/3n. In short,
the length of a Gaussian mutation is too concentrated, and hence, if A is by a
factor of n®, € € R, larger than the expected length of a Gaussian mutation,
then the probability that a mutation conquers the cliff is exponentially small. An
ad hoc solution to this problem could be to choose a different distribution for the
length of a mutation to make large step lengths more probable, e.g. a Cauchy
distribution. If the lower-level sets (success regions) are bounded (which is not
the case for LINCLIFF), however, all this is pointless: Steps with immoderate
length are vain anyway (they fail to hit the lower level set with high probability).
Therefore, consider the spherically symmetric function CLIFFZ: R" — R

CLIFF2 () :=
» (@) || otherwise,

{|a: +A(n) if |z <1 - An),
where A: IN — (0, 0.3], introduced by |Jagerskiipper and Witt (2005). All points
in the hyper-sphere {x | |x| =1 — A} C R™ are local, non-global optima. The
best chances to get over the cliff, however, are at unit distance from the optimum;
cf. Jagerskiipper (2005). There the ratio of the gain necessary to overcome the
cliff (of A towards the optimum/origin o € R™) to distance from o is minimal.
Consider the well-known SPHERE-function (SPHERE(z) = |z|*> = > 1" | ;?).
For any (1TA) ES using isotropic mutations there is a distinct normalized (here
w.r.t. to the distance from the origin/optimum, not(!) w.r.t. to n) length of
an isotropic mutation resulting in maximum ezxpected one-step gain. As we are
interested in the number of function evaluations — which equals A times the
number of steps —, we are particularly interested in constant A, i.e. A is not
a function of n. Then the optimum expected one-step gain (progress rate) is
O(d/n) where d := |c| equals the distance from the global optimum (d.g.o.).
For the (1+1)ES on SPHERE, an isotropic mutation of length ¢ = ©(d/\/n)
results in an expected gain of ©(d/n). A (1,2) ES (using isotropic mutations) is
incapable of realizing an expected one-step gain of 2(d/n) for SPHERE. However,
a straightforward calculation (Jagerskiipper, 2006) shows:

1) For the (1,A*) ES with A* a constant large enough, isotropic mutations with
a length of ©(d//n) result in an expected one-step gain of ©(d/n) on SPHERE.
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Now we can follow the reasoning for “the simplest scenario”. Namely, we’d show:

2) For the (1,A*) ES using isotropic mutations of fixed length ¢ := ©(dl” /\/n)
there is a {2(1) probability that the d.g.o. never exceeds d%, the initial one.

3) For d% € [1 — A;1— A+ ¢/y/n] there is a £2(1) probability that the first step
conquers the cliff and that}the search never drops back to the local optimum
region afterwards, i.e. P{dll <1 — A fori e N} = Q(1).

4) We’d show that 1), 2), 3) remain true when using Gaussian mutations scaled
by a mutation strength o € R~ that is ©(d% /n) (we would utilize the concen-
tration of the y-distribution already mentioned at the beginning of this section).

5) When started at a distance, say, di € [1.2,1.3] then w.o.p. after ¢t = O(n)
steps dll € [1 — A;1 — A + o] such that 3) applies. After at most n*! trials
of conquering the cliff within at most 3n%* steps, the global-optimum region
{z | |x| <1— A} C R™ is conquered such that it is never left again w.o.p.

After another O(n) steps, w.o.p. d drops below 1.2/2 = 0.6 < 1 - A — 0.1,
implying the following result:

Theorem 6. Let a (1,\) ES minimize CLIFFZ using Gaussian mutations scaled
by a fized o. Assume that after initialization || € [1.2,1.3] and o = 6(|cl%)|/n).
Then, independently of A, for A a constant large enough, the number of steps t
until || < 0.6 (i. e. the distance from the optimum is halved) is O(n) w. o. p.

Since A is a constant, the (1,A) ES gets by with O(n) function evaluations to
halve the d.g.o. Finally, compare this with the (141) ES on SPHERE: It needs
w. 0.p. 2(n) function evaluations to halve the d.g.o. even if the length of isotropic
mutations would be adapted perfectly in each step! Thus, indeed, the cliff does
not keep the (1,A) ES from halving the d.g.o. within the asymptotically smallest
possible number of function evaluations, which is ©(n).

Since the 1/5-rule (non-endogenous o-adaptation) uses an observation phase
of ©(n) steps, and since conquering the cliff takes place in a sub-linear number
of steps, we are even able to extend the theorem: When the 1/5-rule is used,
the number of CLIFF-evaluations to reduce the d.g.o. to a 27 °-fraction of the
initial one is O(b-n) w.o.p. — wherever the initial starting point lies (given that
1 < b= poly(n) and ol = O(|c%|/n, though). This concludes the outline.
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Appendix

Proof of Proposition [Il Note that P{X > 0} = P{X <0} > 1/2 due to the
symmetry. As Xo.0 = max{Xy, X2}, where X;, X5 are independent copies of X,

E[X2:2] = E[Xa2.2- 1{x1,x2>0}] + E[X2:2 - 1{X,>0,X,<0}]
+E[X2:2 - 1{X1,X><0}] + E[X2.2 - 1{X,<0,x>>0}].

The first summand can be bounded from below by

E[Xo2:0 - 1{x1,X2>0}] > E[X7 - 1{x1,X>>0}]
E[X: - 1{x.>0}] - P{X2 > 0}
E

[X1 - T{x,>0}] - 1/2.

E[Xo.2 - 1{X;>0,x3_,<0}] > E[X; - 1{x:>0}]/2 for i € {1,2}. Altogether,

Analogously, one obtains E[Xa.2 - 1{X;,X2<0}] > E[X; - 1{x:<0}]/2 as well as

E[XQ:Q] >3- E[X . ]I{XZO}]/Q + E[X . ]1{X§O}]/2 = E[X : ]l{XZO}]

since E[X - 1{x<0}] = —E[X - 1{x>0}] because of the symmetry. |

Moreover, if 4 > 0 such that E[X - 1{u>x>0}] > E[X - 1{x>0}]/2, then

E[X -1{x>0}

E[X2:2-1{X1,X2<u}] > 3+ 5 ]/2 — E[X 1{x>0}]/2 = E[X-1{x>0}]/4.

Additional Calculations for the Proof of Lemma [2l Recall that here
G corresponds to the spatial gain of a unit isotropic mutation. The r.v. “G -
1{|G|<Vvi-E[G*]}” is also symmetric, and thus, Proposition [ applies, that is,
E[max{G1, G2} - 1{|G1],|Gs|<u}] > E[GT - 1{|G|<u}]. Thus, it suffices to show that

1) E[GT - 1{jc|<Vi-ElGH]}Y] > E[GT]/2 for i large enough.
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Recall that the density of G at g € [—1,1] equals (1—g¢2)*=3/2.\/n.(1-6(1/n))
(for n > 4). We use (1 —t/n)" <e ! for 0 <t < n. Then for i € [0,n]

i/n
E[GT - 1{icI<y/in] =/ g-(1-gH"32dg -1/ =
0

[(1_x2)<"—1>/2}\/“_”_1/!p:< 1 _(1—(z'/n))("‘”/2> 1w

—(n—-1) 0 n—1 n—1
—(1- =) L g
——
<e (MmN _ggH]

and e~ (/M=1)/2 < e=i3/8 < 1/2 for i > 2 (yet i < n > 4; for i > n the indi-
cator variable becomes meaningless). Thus E[G™T - 1{G<y/2/n}] > E[GT]/2 and,
hence, finally E[GT - 1{c<4€[ct]}] > E[GT]/2 (since E[GT] > 0.3989/v/n+1)

2) We want P{|G| > ,/z'/n} — =0,

We assume (solely for better legibility) that v/i as well as \/n are integral.

1
P{IGI > /i/n} = 2\/5-(1—@(1/n))-/W(l—g%("—?’)/?dg

<2\/_Z l_kQ/nn3)/2 _n<22 k/n(nS <22e—k/8
k=Vi

Since (3_(’“‘“)2/8/(3_’“2/8 = e (k+1)/8 < 1/2 for k > 3, for i > 3% we obtain
P{IG] > Vi/n} <2-2.e7"/8 =20,

3) The application of Hoeffding’s bound to obtain a probability of e~ that
9i2 steps do not suffice to get from P; into Ps; (given that in each mutation
|G| < Vi-g, where i is large enough such that the expected conditional one-step
gain is at least g/2).

Hoeffding (1963, Theorem 2) tells us that for the r.v. S defined as the sum
X1+ -+ X of k independent r.v.s X; € [a;,b;] for j € {1,...,k} we have
P{S <E[S]—t} < e 21/ X512 for ¢ > 0. In our case, k := 92 so that
E[S] > 4.5i%g, and furthermore, a; = —Vi-g and bj = Vi-g. Since the necessary
gain is at most w; = g - (3i% + O(i)) < 4i%g for i large enough, we can choose

t := 0.5i%g. Thus, the exponent becomes —2-(0.5i%g)?/ Z?il (2Vig)? = —i/72.
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Abstract. We examine the evidence for the widespread belief that heavy tail dis-
tributions enhance the search for minima on multimodal objective functions. We
analyze isotropic and anisotropic heavy-tail Cauchy distributions and investigate
the probability to sample a better solution, depending on the step length and the
dimensionality of the search space. The probability decreases fast with increasing
step length for isotropic Cauchy distributions and moderate search space dimen-
sion. The anisotropic Cauchy distribution maintains a large probability for sam-
pling large steps along the coordinate axes, resulting in an exceptionally good
performance on the separable multimodal Rastrigin function. In contrast, on a
non-separable rotated Rastrigin function or for the isotropic Cauchy distribution
the performance difference to a Gaussian search distribution is negligible.

1 Introduction

The optimization of multimodal objective functions is recognized as a fundamental
problem in several areas of science and engineering. Stochastic search procedures such
as Simulated Annealing or Evolutionary Algorithms are well-established methods to
optimize multimodal objective functions. New candidate solutions are often sampled
from isotropic multivariate Gaussian distributions. The choice of Gaussian distribu-
tions has several reasons. Isotropic Gaussian distributions do not favor any direction in
the search space. Gaussian distributions are amenable to mathematical analysis because
they are the only stable distribution—where the sum of iid variates has the same type of
distribution as its summands—with finite variance. For a given variance, the Gaussian
distribution has the maximal entropy, which can be interpreted in that the distribution
shape contains the least additional assumptions on the objective function to be opti-
mized. Finally, Gaussian distributions suggest themselves for bioinspired algorithms as
they are widely observed in nature as for example in the distribution of phenotypic traits.

On the other hand, it is a common belief that, when employed for the optimization of
multimodal objective functions, the exponentially decreasing tails of Gaussians are inef-
fective [§]]. Instead, it is argued that heavy tails, such as those of the Cauchy distribution,
are more appropriate, as long jumps occasionally lead to better solutions, that eventu-
ally lie within the attraction region of a better (local) optimum. Long jumps that produce
worse solutions should be disregarded in generalﬂ In this context several search strate-
gies that apply heavy tail distributions have been investigated, including Fast Simulated

! A search strategy is highly susceptible to divergence, if worse solutions from long jumps are
accepted. The danger of divergence is way smaller, if an accepted worse solution is originated
from a short step. Alternatively, worse solutions from long jumps can be exploited with local
optimization, which is not considered in this paper.

T.P. Runarsson et al. (Eds.): PPSN IX, LNCS 4193, pp. 62-[71] 2006.
(© Springer-Verlag Berlin Heidelberg 2006
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Annealing [[6] and Fast Evolution Strategies [[8]. In these strategies one key difference
concerns the use of isotropic [6] and anisotropic [8] heavy tail distributions. The impor-
tance of the anisotropy of the coordinate-wise iid multivariate Cauchy distribution was
already recognized in [5/2]]. Obuchowicz [2] observed a degradation of performance of
the anisotropic distribution when rotating the search space. He proposed isotropic Gauss
and Cauchy distributions with norms distributed as their one-dimensional counter parts
with mixed results.

Rowe and Hidovic [4] investigated the use of a scale free distribution that allowed
searching simultaneously on a given range of scales. In one-dimensional problems, the
scale free distribution is uniformly distributed on the log scale in that Pr(z € [a, b])
log b—log a, given a and b are in the supported range. We found the n-dimensional ver-
sion of this scale free distribution to be highly anisotropic (similar to Fig.[3] lower right).
Surprisingly, even with a (1+1)-selection scheme the scale free distribution shows ex-
ceptional performance on the multimodal Rastrigin function and this is explained with
the advantage of long jumps. We summarize the common hypothesis.

Hypothesis 1. Long jumps, attributed to sampling from heavy-tail or scale free distri-
butions, occasionally lead to better solutions. They are therefore helpful for searching
multimodal objective functions.

On the other hand, for the unimodal sphere model, where f(x) = Z?:l x?, theo-

retical investigations and experiments show that compared to the Cauchy distribution
the Gaussian consistently leads to faster convergence of the (1, A)-evolution strategy,
regardless of the choice of A [3].

This paper investigates why and when heavy tails can help for global optimization. The
goal is (a) to quantify the possible effect of heavy tails and (b) to separate the effects of the
heavy tail and the anisotropy of the search distribution in a carefully chosen experimental
set-up. The paper is structured as follows: in Sect.[2the relation between step length and
search space volume is discussed. In Sect.[3 search distributions are introduced. Their
characteristics and potential impact are investigated in Sect.[d] In Sect.[3] simulations of
an evolutionary algorithm are presented and Sect.[f] gives a short conclusion.

2 The Search Space Volume Phenomenon

The so-called curse of dimensionality casts doubt on Hypothesis[I} the search space
volume increases exponentially fast with increasing dimension and large steps become
more and more unsuccessful. Rechenberg [3|, p.160ff] analyzes the situation for the 30-
dimensional Rastrigin function. He finds only a narrow evolution window for jumps that
can initiate successful new subpopulations. Here jumps are not expected to produce bet-
ter solutions but to converge to better local optima in a local optimization. Smaller steps
fall back into the originating local optimum, larger steps converge into worse optima.
The volume covered by a step of length 7 is given by the hypersphere surface area

n/2 . . . . . .
Sn(r) = ﬁ?n 72) ™1, where r is the distance to the center, n is the dimension, and I” is
the Gamma function. The covered volume increases with 7"~ making it increasingly
difficult to hit a particular area of given volume.

We investigate an idealized scenario for the probability to find a better solution by

jumping into another region of attraction, as depicted in Fig.[T] (left).
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probability to hit the unit ball

. 10 o 10° 10
distance to origin r
Fig. 1. Probability to hit the unit hyperball (solid) sampling from rv as mean with an optimal
isotropic distribution, where v € R™ and ||v|| = 1. The plots on the right show results for
n = 2,3, 5, 10, 20, from above to below. Dashed lines depict the approximation w;—l

The arrow depicts a vector v with unit length. The starting point is rv, located on
the dotted circle on the right. Its closest local minimum is inside the dotted circle. A
second volume of better solutions lies on the left, inside the unit hyperball around the
coordinate system origin. We compute the probability to hit the unit hyperball by sam-
pling around rv isotropically. We assume an optimal step-length distribution, where all
steps lie on the hypersphere surface, corresponding to the dashed arc on the left. To hit
the unit hyperball the angle between the sampled vector and —v has to be smaller than
Qmax = arcsin(1/r). Using the cumulative distribution function of the angle between
a reference vector and a random vector uniformly distributed on the unit hypersphere
[1, Theorem 9] we deduce the probability to hit the unit hyperball as

1
r

Ll ) TR e
2 2F(1/2)F(<n—1)/2)/0 t7z2(1 1) dt . M

The probability is plotted as a function of 7 in Fig.[l (right) using Matlab’s function
betainc. Dashed lines depict ﬁ, resembling the dependency of the hypersphere
surface area on r, which turns out to be a reasonable approximation of (). Even for
moderate dimensions the probability drops fast with increasing r and becomes 10~*
forr = 6,2,1.5 and n = 5, 10, 20 respectively. For r = 1 the scenario resembles the
sphere function and the success probability is 0.5 (for infinitesimally small step length).
Our observations are summarized in an alternative hypothesis.

Hypothesis 2. Long jumps virtually never lead to better solutions in high dimensional
search spaces, because they get lost in the huge search space volume.

3 Search Distributions

3.1 Univariate Gaussian and Cauchy Distribution

The distributions that will be used in this paper are derived from the univariate standard
normal and Cauchy distribution. The univariate normal distribution with zero mean and
variance o2 obeys the density
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Fig. 2. Densities of the univariate normal (Gaussian) distribution (dashed) and the standard
Cauchy distribution (solid) in a linear and a semi-log plot. The standard deviation of the normal
distribution o = 1.4826 is chosen such that the quartile values equal —1,0, 1 (vertical dotted
lines) as for the Cauchy distribution.

1 x2
o) ()= ——exp|—=—] . 2
fJ\/(O7 2)( ) O'\/% p( 202) ( )
The univariate Cauchy distribution with median zero and upper quartile 7 obeys
1 1 1 T
fe,m (@) = 3)

;xz/rz—kl :;$2+7’2

A standard Cauchy distributed number, where 7 = 1 can be sampled by dividing two
independent, standard normally distributed random numbers. Furthermore C(0,7) ~
7C(0,1), and N'(0,02) ~ oAN(0,1). Figure 2 shows the densities of both univariate
distributions.

3.2 Multivariate Distributions

We consider both isotropic and anisotropic distributions [4L7l8]], and as isotropic distri-
butions we consider a heavy-tail distribution and a distribution with exponentially fast
decreasing tail.

We use G,, to denote an n-dimensional Gaussian (normally) distributed random vec-
tor with zero mean and identity covariance matrix. The distribution G,, can be sampled
by sampling independent standard (0, 1)-normally distributed random numbers from
Eq.2Ifor each component of a vector. Furthermore, let i, denote a uniform distribution
on the n-dimensional unit hypersphere, where Pr(||U4,,|| = 1) = 1. The distribution U,
can be sampled by sampling G,, and normalizing the resulting vector to length one, i.e.
U, = gn/”gnH

The following search (mutation) distributions are used.

C, € R™, an (anisotropic) n-dimensional Cauchy distribution, where each coordinate
is independent standard (0, 1)-Cauchy distributed. This distribution is used, for ex-
ample, in Fast Evolution Strategies [8]] and Fast Evolutionary Programming [[7].

Ciso ~ ||Cp|| X Uy, an isotropic n-dimensional distribution with the norm distributed
as for C,,.



66 N. Hansen et al.

Gn ~ ||Gn|l X Uy, the n-dimensional Gaussian (normal) distribution which is widely
used in Evolutionary Algorithms such as Evolution Strategies or Evolutionary Pro-
gramming. The distribution is isotropic (spherical), its norm is Y, -distributed.

The distributions C,, and Ci*° have polynomially decreasing (heavy) tails. The dis-
tributions C!5° and G,, are isotropic (spherical), and can be sampled by a product of a
random number, i.e. a scalar representing the norm, and U,,.

4 Characteristics of the Distributions

Figure[3] shows 10000 sampled points of Co and G visualizing the characteristics of
the distributions in 2D. For values between —3 and 3 the results of the Gaussian (first
row) and the Cauchy distribution (second row) are comparable. While the Gaussian
rarely realizes steps larger than five, the Cauchy distribution reveals a surprising pic-
ture. Zooming out further the distribution starts to resemble a cross parallel to the coor-
dinate system (third row). That means, the distribution comes close to coordinate-wise
sampling on the large scale.

Figured presents data in the 10-dimensional case. Shown are densities of the vector
norms (left) and densities along rv € R'?, where r is a scalar and v is fixed, ||[v| = 1
(right). The density for the norm of Ci¥’ was obtained by Monte-Carlo simulations
(about 10Y samples), the respective density on the right by dividing with the hypersphere
surface area Sy, (r) = 136?//22) r"~1. The remaining densities are well-known or can be
easily obtained analytically.

Comparing the lower and the upper bold graph in the right figure, again a striking
difference between diagonal and coordinate axis parallel density can be recognized for
Cy. As can be derived from (@) (the multivariate density derives from a product of
the univariate) the coordinate axis parallel density drops proportional to 72, while the
diagonal drops proportional to 2", for large .

Two Gaussian densities along v are shown. First 3.8 x Gy (dashed graph), where the
median of the norm corresponds to the one of the Cauchy distributions. Second 1.25 X
G10, where the density for small  compares to the one of the Cauchy distributions.

We compare the Gaussians with the isotropic Cauchy distribution (middle bold graph).
In one case the density of the Gaussian drops below the Cauchy density for r larger than
about 5.6. In the other case only for r between about 8 and 17 the Gaussian reveals
a larger density than the isotropic Cauchy distribution C1°. For larger » Gaussian and
Cauchy densities drop fast: for C5° the slope is approximately r~1°. For example, the
probability to hit a volume in a distance of 60 = 3 x 20 is about 3'© ~ 10° times
lower than to hit the same volume in distance 20, a distance where C'*° and 3.8 x G,,
have comparable densities. The other way around, the volume that can be found with a
comparable probability by steps being three times longer needs to be 10° times larger.
In contrast, for the coordinate axis direction the density drops slowly and volumes far
away have a considerable probability of being reached.

We can draw two conclusions from these figures. First, the anisotropy of the Cauchy
distribution might have a considerable effect on the search behavior. Second, compared
to the Gaussian distribution that operates on a reasonable scale of search, the heavy tails
should not be of great help. Both conclusions are confirmed in our experimental results.
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-200 -100 0 100 200

Fig. 3. Ten thousand 2D sample points from the Gaussian distribution 1.4826 x G2 (upper row)
and the Cauchy distribution C> (middle and lower row). Shown are the same sampled points on
different scales (£1, +3, 410, +30, .. .). The clippings contain 26,91, and 100% of the points
for G2 and 25, 67, 88,96, 98.72, and 99.55% of the points for Cs. For the larger scales C,, be-
comes mainly coordinate-wise sampling.

5 Simulation Results for the (1+1)-EA

5.1 The Test Functions and Evolutionary Algorithm
We use the highly multimodal Rastrigin function
fRastrigin rx— 10n + Zyzz + 10 COS(27Tyi) )
i=1

where y = Mx and M is an orthogonal matrix (M ~! = M™). We investigate two
situations. First, the axis parallel Rastrigin function fRastrigin, Where M = I is the
identity matrix. The axis parallel Rastrigin function is separable and can therefore be
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Fig.4. Densities for n = 10 on the log,, scale. Left: Density of norms, ||Cio|| and ||Ci¥||
(same solid graph), and 3.8 X ||G1o|| (dashed), where the factor is chosen such that the median
equals to 11.7 as for ||C1o||. Right: densities along rv € R™ versus r, where ||v|| = 1. For Cy,
(solid) in coordinate axis direction (v = (1,0,...,0)T, upper graph) and in diagonal direction
(v =(1,...,1)7/+/10, lower graph), for C° (middle solid graph), for 3.8 x G,, (dashed), and
for 1.25 x G, (dashed dotted).

solved by n one-dimensional optimization procedures parallel to the coordinate axes.
Second, we consider the rotated Rastrigin function, with a randomly chosen M, where
all columns of M are uniformly distributed on the unit hypersphere and orthogonal,
achieved by Gram-Schmidt orthogonalization of G,,-distributed vectors. In the relevant
region for x € [—5,5]", the local optima of the Rastrigin function have function val-
ues that are close to integer values, which makes the integer bin centers used for the
frequency histograms below particularly meaningful.

We apply the (1+1) evolutionary algorithm (EA) as depicted in Fig.[ (left) in order
to address the question whether and how the heavy tails can influence the global search
performance.

If not stated otherwise, we choose v = lOﬁ , Oinal = 1073, and the initial Ogapt =
103, leading to 50000 x n iteration steps, and initial £ = M ~1(5,...,5)T. The values
for « result into o ~ 1.0000921, 1.0000553, 1.0000276, for n = 3,5, 10, all smaller
than 1 + 104

Neither (self-)adaptation nor a large population is applied so as to not interfere with
the effects of the search distribution. Adaptation of distribution parameters, like the
step-size 6, is not expected to improve the global search performance, as it usually drops
step lengths much faster than the given schedule. Large populations, and eventually
recombination, will usually improve the performance, but this should be true for all
distributions applied. The rationale behind this set-up is to slowly move through all
scales and to allow any scale, in case, to conduct the search successfully. It takes about
2500n iterations to reduce 6 by a factor of two.

Figure [3] shows two runs on the axis parallel Rastrigin function, where n = 2 and
« = 1, one run with D,, = G,, and 6§ = 0.25, one run with D,, = C,, and § = 0.01. In
both cases 6 is chosen much too small. While the Cauchy distribution needs about 9000
iterations, the Gaussian needs about 80000 iterations to approach the global optimum.
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The Algorithm 6
I starting point \
choose Dy, Ostart , Ofinal, 5
initialize x, 6 = Ostart af
while 6 > Ogpar ab
?:/:%J_FGXD” A a4 N
lff(a: ) < f(il:) . global Minimurn ‘
r=x’ e
0—0/a 0 !
b
B 0 1 > 3 4 5 6

Fig. 5. The Evolutionary Algorithm (left), and paths and sampled points of two runs in 2D, where
D, = Gn,0 = 0.25 (square marks 0J), and D,, = C,,,6 = 0.01 (circle marks o). The marks
denote realized steps, where f(z’) < f(x). The optima lie on an axis parallel grid allowing the
Cauchy distribution to reach the vicinity of the global optimum about ten times faster.

Having in mind the 2D image of the Cauchy distribution C,, the result and the resulting
picture are not surprising.

5.2 Results

Methods. We conducted experiments on the axis parallel and the rotated Rastrigin func-
tion for dimensions n = 3,5, 10, performing in each case 50 runs. We judge perfor-
mance in terms of reached final function value and success rate to reach the global
optimum with a precision of 10~2. We compared success rates with the y2-test and the
median final function values with the rank sum test.

Results. The final distribution of function values for n = 3, 5, and 10 is shown in Fig.[6l
For n = 3 the global optimum is found in most cases for all experimental conditions.
On the axis parallel function C,, achieves a success probability of 100% and is slightly
better than Cifo and G,,. For n = 5 the difference becomes much more pronounced.
While the success probability drops to about five percent for C:*° and G,,, on the axis
parallel function C,, has still a success probability of 100%. For n = 10 (Fig.[@ right)
the success probability drops to zero in all cases but for C,, on the coordinate axis paral-
lel function, where it is still one. The distributions in the five other cases are statistically
indistinguishable and the best final function value is close to four. In all dimensions all
distributions perform virtually identical on the rotated function, and only C,, performs
significantly different from the other distributions in the coordinate axis parallel case
while the performance of G,, and C'*° is invariant under rotation of the search space.

Validation of the Annealing Scheme. To investigate the influence of the choices of Og¢ayt
and Oy, We ran simulations for all combinations of values Ogare = 100,107, ...,
107° and fgna = 10°,10%,...,10710 for n = 5, where Ostare > Ognal and the number
of iterations are 50 000 x 5, choosing o respectively. The best result is obtained with
Ostart = 1, 0final = 0.1 for C5 and Ospart = Oanar = 1 for Gs. The respective average
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Fig. 6. Frequency of the final function value for, from above to below, C,, Cifo, and G,,. Left:
n = 3, Middle: n = 5, Right: n = 10. For n = 3 on the coordinate axis parallel function C,, has
a significantly higher success probability than CI*° (p < 1.3 x 10™%) and G,, (p < 10™2). For
n = 5 and n = 10 the difference regarding distribution median and success probability between
C.. on the coordinate axis parallel function and all other cases is highly significant (p < 107'5).

final function values are 1.7 and 1.6, compared to 2.8, and 2.4 for the set-up chosen in
the last section. The results confirm that the annealing schedule is reasonably chosen
and does not dominate the outcome.

6 Summary and Conclusion

We analyzed densities of isotropic and anisotropic heavy-tail Cauchy distributions with
respect to their effectiveness when employed in searching for optima in multimodal ob-
jective functions. The densities are determined to a great extent by the volume of the
hypersphere surface area. Consequently, for isotropic search distributions the density
(i.e. the probability to hit a given volume) must decrease faster than »~", where r is
the distance to the distribution centerfi For Gaussian distributions the density decreases
exponentially fast with r, for the investigated isotropic Cauchy distribution the depen-
dency is r~2"_ Even for moderate dimensions (n = 5 to 10), the relevance between
polynomial and exponential decrease on the search performance becomes questionable
and cannot be observed in our experiments.

In contrast, the effect of anisotropy of a search distribution on the search perfor-
mance can be tremendous, in particular in higher dimensions (n > 10). The Cauchy
distribution, where coordinates are sampled independently, is highly anisotropic in that
large steps occur most often close to the coordinate axes (see e.g. Fig.[3). Hence, it
can perform exceptionally well on separable functions, like any algorithm performing
coordinate-wise search. Therefore, the anisotropy of heavy-tail distributions is the most
likely explanation for remarkable performance improvements on separable functions,
e.g. of Fast Evolution Strategies [8] and of the so-called scale-free distribution [4]]. If
the coordinate system is rotated or the distribution is modified to become isotropic—
keeping the distribution of the vector norm unchanged—the performance becomes in-
distinguishable from the Gaussian distribution in our experiments.

2 Otherwise the density is not integrable for r — oc.
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We believe that our result can be generalized beyond the specifically chosen set-up

stating the following conjecture: heavy tails are useful on multimodal objective func-
tions (for global optimization) only if the large variations take place mainly in a low
dimensional (sub-)space and the low dimensional space contains the better optima. This
is the case, for example, either if the search space by itself is low dimensional (n % 3),

(o)

r if the search distribution is highly anisotropic with respect to the coordinate sys-

tem and the objective function is separable. A challenging question arising from our
conjecture is whether and how low dimensional subspaces can be found, such that the
exceptional performance of the anisotropic Cauchy distribution on separable functions
can be carried over to non-separable functions.
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Abstract. This paper presents first results of an analysis of the o-self-adaptation
mechanism on the sharp ridge for non-recombinative (1, A) evolution strategies
(ES). To analyze the ES’s evolution, we consider the so-called evolution equa-
tions which describe the one-generation change. Neglecting stochastic perturba-
tions and considering only the mean value dynamics, we will investigate possible
causes why self-adaptation can fail on the sharp ridge.

1 Introduction

The performance of evolution strategies (ES) depends on the population’s distribution.
During the course of an optimization run, the distribution has to be “fitted” continu-
ously to the local characteristics of the search space in order to ensure a fast progress
towards the optimum. In the case of ES, adapting the mutation strength is one of the
main means. To this end, several methods have been introduced. In this paper, we will
focus on self-adaptation [9l10] where the mutation strength is an integrated part of an
individual’s genome. Similar to the object parameters, it is subject to variation and se-
lection processes and survives if the individual has a sufficiently good fitness.

The mechanism of self-adaptation can be examined by various means. The evolution
of the ES is a stochastic process which can be described by a Markov chain. In [6],
an approximate model is used to determine the system’s dynamics. Other approaches
analyze the Markov chain directly, e.g. [4], or study induced supermartingales, e.g.
[[L1]. In this paper, we will follow the approach in [6] which will be described in the
next section. Most of the research appears to be focused on the sphere model, i.e., on
fitness functions the dependence of which can be aggregated to one variable only: the
distance R to the optimizer. The ridge function class can be seen as a “natural” next
step. It comprises functions of the form

N
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with parameters d and «, & > 0. Note, we use a orthogonal representation of the general
ridge function. This is not problematic as long as the ES uses isotropic mutations. As
pointed out by Oyman [8]], maximizations of ridge functions confront the ES with two
(conflicting) goals: The distance to the ridge should be reduced while the x-component
should be maximized.

Ridge functions are an interesting test case for self-adaptation. As already observed
by Herdy [/7], the mechanism may fail — especially on the sharp ridge, i.e, fora = 1. It
was found that in some cases self-adaptation decreases the mutation strength although
the opposite behavior would be needed. It is one of the aims of this paper to investigate
the reasons for this behavior. For constant mutation strengths, the behavior of ES on
ridge functions was investigated before, e.g. by Oyman [8] and Beyer [5]. Recently
Arnold and Beyer [2] analyzed the behavior of intermediate (/g 7, A)-ES on the noisy
parabolic ridge applying cumulative step-size adaptation and Arnold and MacLeod [3]]
considered Herdy’s Meta-ES [7].

We will consider the self-adaptive behavior of (1, A)-evolution strategies. In short,
a (1, A)-ES with self-adaptation works as follows. Based on the object vector y of the
parent, A\ offspring are generated where each offspring y; is obtained by adding a nor-
mally distributed random vector (mutation vector) with zero mean and standard de-
viation (mutation strength) ;. Since we are considering self-adaptation, the parental
mutation strength is also subject to mutation and the descendants’ mutation strengths
are created by a multiplication with a random variable (. A common choice for (’s
distribution is the log-normal distribution with parameter (learning parameter) 7, i.e.,
¢ is generated according to ¢ = oe™V(0:1) The mutated mutation strength is then used
to create the offspring’s mutation vector. Afterwards the offspring with the best fitness
value is selected as the parent of the next generation.

The paper is organized as follows. First, we introduce the so-called evolution equa-
tions which are used to model the evolution of the characteristic variables, e.g., the
mutation strength. In order to continue, it is necessary to derive equations describing
the variables’ expected change. Afterwards, we consider the stationary state behavior
on the sharp ridge trying to explain why simple self-adaptation may fail.

2 Preliminaries

Evolution strategies optimizing a ridge function can be fully characterized by three (ag-
gregated) variables: the value on the ridge axis z, the distance to the ridge axis R, and
the mutation strength ¢. We will follow the approach introduced in 6] and consider the
change of these variables during one generation. The change will be modeled by two
components: the expected, i.e., deterministic, change of the variable and a perturbation
part which covers the random fluctuations. In a first approach, the influence of the per-
turbation parts on the evolution will be neglected. This is a rough simplification and the
results will have to be evaluated with experiments. Keeping this in mind, the evolution
equations can be given by

20t = 29 L Bzt — 2] = 29 4 o (@) 29 RW) )
RWtY = RW _E[RW — Rt = RY) — pp(c@) 29 R®)) (3)
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The progress rate ¢, denotes the expected change in the direction of the ridge. The
expected change of the distance to the ridge axis is given by the progress rate ¢pr,
also called the “radial progress” [S]]. The so-called self-adaptation response (SAR) v
is a placeholder for the expected relative change of the mutation strength. In order
to continue, we need to find expressions for these functions. The progress rates were
already obtained for 7 = 0 in [5]. Due to space restrictions, we only state the results
obtained there. To simplify the notations, we will set R = r(g), = T(Q‘H), o= g(g),
and ¢ = ¢(9t1)_ The progress in ridge direction is given as

0C1 .\
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and depends on the distance to the ridge. The radial progress reads

R + —1)/2
— VR*+ 02(N — 1) + daR*"! ? g(N_)/ 02(0,R). (6)

1)

The progress coefficient ¢y » that appears in (@) is a special case of the higher order
progress coefficients [0, p.119]

dl,A . \/ﬂ /
with £ = 1 and denotes the expectation of the best of A\ standard normally distributed
random variables. The radial component influences the progress in ridge direction. In
contrast to this, there is no influence of the z-component on the evolution of R. Equa-
tions (@) and (6) were obtained under the assumption that the change r — R is small
compared to the parental distance to the ridge axis. In addition, both progress rates
were obtained for 7 = 0, i.e., without considering self-adaptation. The remainder of
the section is devoted to determining the self-adaptation response. The first-order self-
adaptation response (SAR) denotes

w(o,x(g),R) = E[(g — U)] = /ODO (g;a>p1,/\(§\o,x(g),R) ds. (8

g

B(t) " dt (7

The density function in (§)) is the density of the mutation strength of the best offspring
in )\ trials. Applying the concept of induced order statistics [1, it is given by the condi-
tional density of ¢ given the parental mutation strength ¢. The mutation strength in turn
is defined by the distribution chosen and by the probability that the mutation strength
leads to the highest fitness change Q = F; — F(y(9)) in A trials

oo

pia(slo, 2@, R) = pa(dU)A/ p(Qls, 9, R)P(Qlo, 29, R)*™1dQ. (9)
The probability function (cdf) P(Q|o, 2(9),R) denotes the expectation of P(Q|s, z(9)
R). The latter cdf and the density function (pdf) p(Q|s, (%), R) were already obtained
in [5]. The probability function of () reads
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Note, it directly depends on the parental distance to the ridge axis. The parameter §
is used to shorten the notation § = sy/(R? + s2(N —1)/2)/(R2 + s2(N — 1). The
density function can be easily obtained by computing the derivative of (10). It was
shown in [6], that the integral expression of P(Q|, 2(9), R) may be simplified if a log-
normal distribution is considered. Provided that the learning parameter 7 is sufficiently
small, the cdf may be obtained by substituting s with ¢ in (I0). We are now in a position
to determine the self-adaptation response. Plugging everything into (8), the integral
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serves as the starting point for the derivation. Since there is no closed solution to (I1J),
we will apply a similar approximation approach as in [6]. First, we will simplify the
expression inside the @-function. Afterwards, we will expand the exponential function
and the root function into their Taylor series around o and cut them off after the first
few terms. Due to space restrictions, we will only sketch the main points of the deriva-
tions. Let ¢ stand for the expression inside the @-function. Rewriting it for ) gives

Q= \/02 (daRe— 1) 5%t — daR**(y/R? + 0*(N — 1) — R). The integral (LT)
changes to the general form

P(Qls,z'9 R) = & (10)
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where g and f stand for the root and the exponential function. Both are expanded into
their Taylor series’ T’y and T} around the parental mutation strength o. We will assume
7 < 1 which allows to assume that |¢ — o| < 1. As a result, it is possible to cut off the
Taylor series after the quadratic term without introducing severe approximation errors.
We will first address the integration over ¢. Concerning the variable ¢, the Taylor series
Ty of f is a polynomial in ¢ up to the fourth power

+2

Ii(s,0) = )\/DO B(t) 16\/_7( 0(s,0) + ai(s,0)t + as(s,0)t?

— 00

+az(s,o)t® + ay(s, o)t ) de + O((g — 0)3). (12)
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Using the progress coefficients (@), (IZ) reads

Ii(s,0) = aop(s,0) + ai(s,0)crn + az(s, U)df/)\ + as(s, U)df’/)\ + aa(s, G)d%;

+0((s — 0)?). (13)

The coefficients a; depend on ¢ — o. Since the integration over the mutation strength
remains to be done, (I3) is regrouped into a polynomial in (¢ — ) /o

wiro) = [ (g - “) T, (s,0)T (s, ) ds

g

o B L \2
:/o gofo (%) + (fog1 + 90f1)o <g Ja)

3
+(g1f1 + fogz + gofe)o? (%) +0(c—0))ds (14

where f; and g; denote the Taylor series’s coefficients associated with [(¢ — o)/ o]t In
the case of the log-normal operator, the expected values of ¢* read ¢* = o* exp(k?
72/2). The expectation of ((s — ¢)/c)* can therefore be easily determined. Cutting

off the resulting exponential series after 72, we obtain ¥(R, o) = go fo%z + (fog1 +
gofi)om? + (9(7’4) as the first order SAR. The coefficients g; and f; can be obtained
after a lengthy but straightforward calculation leading to

ci daR*™HN — 1)o
\/R2 N = 1)02 + (daRe—1)2(R2 + Y5142)

Y(R,0) =72< 2

a— R2 N—1 _2
(daR 1) (N — 1)0'2 (]. — 2m)

2(R? + (N —1)0?) + 2(daRo1)2(R2 + -1 2))'(15)

+(d? - 1)

The first order self-adaptation response (SAR) (I3) was obtained under the condition
7 < 1 which enabled several simplifications of the original equations. The basic points
were the expansion of the more complicated functions into their Taylor series’ around
the parental mutation strength o which due to 7 < 1 could be cut off after the first
terms. Similarly to the observations made in [3], the SAR (I3) depends on the distance
to the ridge axis directly but not on the z-component.

3 Self-adaptation on the Sharp Ridge

The sharp ridge is the simplest case to be analyzed. In this case, the fitness function
is given by F'(y) = x — dR. For our first analysis, we will simplify the notations by
introducing normalizations similar to those used in the case of the sphere model [6].
Setting thus 0* = o(N — 1)/R, the SAR changes to
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o*2
1+ 5%—)

(1

2 \/1+

d2 o*? (1_21""2(1\/*21))
1+g ) (16)

2( )+ 2d%(1+ %)

Y(o*,d,N) = O(t*) + 72

+@ - D1+

The SAR (I6) has an approximately linear loss part whose non-linear components van-
ish with increasing search space dimensionality. In Fig. [ Eq. (I6) is compared with
the results of experiments on the sharp ridge. Each data point was obtained by aver-
aging the results of 200, 000 one-generation experiments. For the range of o*-values
considered, (I6) predicts the outcome of experiments generally well. Deviations occur
for higher o*-values. Figure[Tlalso shows the influence of the d-parameter on the SAR.
Larger choices of d result in an initially sharper fall of the curve and smaller zeros of
the SAR. Let us now consider the limit value of (I8) for N — oo under the assumption
that o* remains finite. We obtain after a short calculation

“d) = i . _ o)+ r2(a®) — L cnde”
Vuelo” ) = Jim (0", dN) = O() 72 (4} - 5 - ) a)

which apart from a correction factor d/v/1 + d? closely resembles the SAR on the
sphere model Vsppere(0*) = O(14) + 72 (de/)\ — % — ¢1,00™) obtained in [6] for
N — 0. The zero of the SAR (I7), denoted by a7,,» is easily obtained

* (2) 1

1 cipado 1 di\—3
(0 d) = P2 (d) = 5 - =) =0 = 0y, =14+ 2208
Voo(0,d) =72 (di 5 — 3 s T + 5 o (18)

and scales with y/1 + 1/d?. Similarly to the SAR (13, we can determine the limit of
the normalized progress rate Q) ¢k = ¢, (N —1)/R

o*era o*era

lim ¢} (c*) = lim : = ’ (19)
N—oo N—oo 14+0*2/(2(N—1 1 2
\/1+d2W Vi+d

where ¢% = ¢, (N — 1)/R and that of the normalized radial progress rate (@) ¢}, =
er(N —1)/R

*2

ag
1 — lim (N -1 (1— 1 )
i @R(e”) = lim ( ) t N1
+ lim 14+ 0*%/(2(N —1)) dey ao*
N—oo 1+0*2/(N —1) 9 1+0°2/(2(N—1))
L+ & =781
d

L - (20)

1+d?
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using Taylor series expansions of the roots. The radial progress rate resembles that of
the sphere. It is interesting to consider a further progress measure, the quality gain, i.e.,
the expected one-generation change of the fitness F(y) = 2 — dR which is defined by
Q = E[FUtD) — F] = E[2(9tD — 2(9)] — dE[RHD) — R9]= , + dpr. Using

the normalization Q* = Q(N — 1)/R, considering (I9) and @0), and letting finally
N — oo, we obtain

= ¢k +doy = V1 + derno” — do*? /2. @D
T R )

Its second zero is a}o = 2¢1,2V'1 + d?/d. It can be shown by case inspection that the
zero of the SAR is smaller then the zero of the quality gain, i.e., that

1
-1 1
<O o1 A2 2,/1+—c“<i>d(2)——<2c1A (22)

provided that A > 1 and that o, < o3 = (1+1/ d2)0':;0 holds. The consequences of
these relations will be shown later on.

" (0

0.0002 4-0.2 0.02 4=0.2
" o* o*
-0.0002 -0.02
-0.0004 -0.04
-0.06
ayN =30,a=1,7=0.01 b)N =30, a=1,7=0.1

Fig. 1. The SAR (I6) (blue) and its limit for N — oo (straight lines) in comparison with the
results of experiments. Each data point was sampled over 200, 000 one-generation experiments.

On the sphere, the ¢*-evolution reaches a steady state for g — oo. The interesting
question is whether this also occurs for the sharp ridge. Note, in the case of the non-
normalized mutation strength ¢, a o-increase over time on the sharp ridge is desirable
[S]. Therefore, the long-term behavior of the non-normalized ¢ is also of interest. Let
us assume that the ES starts far away from the ridge axis so that the model appears
basically as a sphere. As a result, the influence of R can be assumed to be far greater
than the influence of x and the ES should initially attain a stationary normalized muta-
tion strength. As can be seen in Fig.[2] experiments support this assumption. But what
are the consequences of this stationary state? In a first analysis, we consider the SAR
and the progress rates obtained for N — oo. The equation for the ¢*-evolution fol-
lows from (). The variable ¢* is obtained by normalizing ¢ with r/(N — 1). Note, r
denotes the new distance to the ridge. The new distance is given by the evolution equa-
tion @) forr, r = R — pr = R(1 — ¢} /(N — 1)). The ¢*-evolution is thus given
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by¢* =oc*(1+v¢)/(1 — /(N —1)) = c*(1 + ¢ + ¢5/(N — 1)) provided that

*

l¢%| < N — 1 holds. Stationary points, i.e., points which fulfill ¢* = ¢* = o}, are
then characterized by the solutions of ¢ = —¢%, /(N — 1), i.e., by
d ol ol 2 1 d
1+ d2 C1,A\0 ¢ 2 T 1, 2 1+ d2 C1,A\04¢
d
=0 =(1—-Mr?)——c
= - r) e,
d2c? 1
20761 5 2)
+¢@—Aﬁ% LHP—2M#QHA—§)(B)

with M = N — 1. Equation 23)) is compared with the results of experiments in Fig.
@. If the search space’s dimensionality is sufficiently large or 7 is sufficiently small
(eg.7 =1/ VN as usually used in practice), the agreement with the experimental
data is good. An exception appears to be a choice in the vicinity of d = 1 where
greater deviations occur: We suspect that taking into account fluctuations is of special
importance for these cases, because this scenario seems to resemble a sphere model
with heavy noise. The deterministic analysis presented cannot account for these random
effects.

The stationary mutation strength (23) assumes values between the zero of the radial
progress rate o, and the zero of the SAR o7,. The choice of the learning parameter
decides whether o}, is closer to the latter or to the former. Note, in the case of the sphere
model, the zero of the SAR is generally smaller than the zero of the progress rate. Thus,
the ES is able to obtain positive progress — reducing the distance to the optimizer on
average. On the sharp ridge, it depends on the choice of the ridge parameter d which
zero is greater as the other

2 1 (2 1
d2 Vitddi, — 3 Gy~ 3
o = d2c1 > g%, = + WA 2 g A2 g (24)
e 285+ =403

which holds for 26% N T 1/2— de/)\ > 0 which is generally fulfilled for A > 1.

If d > d.,i, stationary mutation strengths given by ([23) are connected with a posi-
tive radial progress and the distance R to the ridge is decreased on average. Similar to
its behavior on the sphere model, the ES moves closer to the ridge axis. This has con-
sequences for the non-normalized mutation strength o and of course for the progress in
x-direction. If R decreases and o* stays constant (on average) then the non-normalized
mutation strength o = ¢*R/(N — 1) decreases. Finally o becomes too small to cause
significant variations. The case d > d.r;+ finally results in a stagnation. The ridge axis
has been approached, but the ES cannot move significantly along the axis. In other
words, the ES behaves as if it would optimize the sphere model.

If d < d¢rit, the zero of the SAR is larger than the zero of the radial progress rate.
Any stationary normalized mutation strength given by (23] causes a negative radial
progress which results in an expected increase of the distance to the ridge axis. The ES
does not approach the ridge axis but enlarges both components of its fitness function:
the z-component of the ridge axis and the distance to the ridge R.
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Both cases for d, i.e., d > d.;+ and d < d.,;; achieve a positive expected change of
the normalized fitness, since the second zero of @, denoted by ‘71*%’ is greater than the
zero of the SAR o), and the zero of the radial progress o, . Therefore, the normalized
fitness change is positive for all stationary mutation strengths (23)). The fitness thus im-
proves on average regardless of the choice of d, however, with different overall results.

le+015 T T - le+250
1e+010 f- ] 1e+200 |
100000 | muta_n - ] le+150 q
N muta —
1
1e+100 F 1449 -
1e-005 f
le+050 |
1le-010 f muta_n -
1e-015 | rid 1
1le-020 - - - le-050 - - .
0 25000 50000 75000 100000 0 25000 50000 75000 100000
g g
a)7 =0.05,d=5 b) 7 =10.05,d=0.2

Fig. 2. Some typical runs of (1, 10)-ES on the sharp ridge for d = 5 and d = 0.2 over the first
100, 000 generations. The search space dimensionality is N = 1000. Shown are the distance to
the ridge (), the mutation strength (o, thick line) and the mutation strength (o) normalized with
respect to the ridge. The critical d-value is d¢ri¢+ = 0.936.

o* o*
° d=0.2 °
4 ’,,/’ 4
d=5 - N d=5 d=02
’ E et 3\ -
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T d=1 __FT 3
L [ * * _,”’
1-0’/ ¢ " " n n 14—’0” : d=1
d=1 - L]
0.05 0.1 0.15 0.2 0.25 0.3 T 0.01 0.02 0.03 0.04 0.05
a) N = 100, d = 5 (red, stars), b) N = 1000, d = 5 (red, stars),
d = 0.2 (blue, dashed line, diamonds), d = 0.2 (blue, dashed line, diamonds),
d = 1 (boxes) d = 1 (boxes)

Fig. 3. Comparison between the stationary mutation strength (23) and the stationary mutation
strength obtained in experiments. The points denote the experimental results. Each data point
was sampled over at least 1, 000, 000 experiments. Due to the fast convergence of the distance to
the ridge, it was necessary in some cases to restart the algorithm in order to provide an adequate
data basis.

4 Conclusions

In this paper, we considered the self-adaptation behavior of (1, A)-ES on the sharp ridge.
The behavior of the ES was modeled using the evolution equation approximations. To
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this end, the expected one-generation changes of the state variables have to be deter-
mined: the radial and axial progress rate and the self-adaptation response. All equations
obtained show an explicit dependency on the distance to the ridge axis R. In a sense,
self-adaptation is deceived by this R-variable. Experiments show that the ES generally
reaches a stationary normalized mutation strength. This is crucial for the long-term be-
havior of the algorithm. From this point on, it only depends on the choice of the ridge
function parameter d whether the ES mainly decreases the distance to the ridge axis or
mainly increases the speed by which it travels parallel to it. Only if d is chosen smaller
than a population size dependent limit, the stationary mutation strength results in an
increase of the distance to the ridge otherwise the decrease occurs. In both cases, a pos-
itive normalized fitness gain is achieved. But only if R increases, this also results in a
significant gain along the ridge direction.

The analysis is far from being complete. First of all, other ridge function, e.g. the
parabolic ridge, will have to be considered. Secondly, the neglected perturbation parts
will have to be taken into account and the analysis must consider /N-dependent progress
rates and SAR.
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Abstract. The progress rate of a self-adaptive evolution strategy is sub-optimal
on ridge functions because the global step-size, denoted o, becomes too small.
On the parabolic ridge we conjecture that o will stabilize when selection is unbi-
ased towards larger or smaller step-sizes. On the sharp ridge, where the bias in
selection is constant, o will continue to decrease. We show that this is of practical
interest because ridges can cause even the best solutions found by self-adaptation
to be of little value on ridge problems where spatially close parameters tend to
have similar values.

1 Introduction

The self-adaptive evolution strategy frequently generates a step-size that is sub-optimal
on ridge functions. This causes the progress rate to be slower than expected or even to
stall [8I14U7]]. We conjecture that the global step-size of a (1, \)-ES will stabilize when
the selection of o is unbiased toward larger or smaller step-sizes. This occurs when the
probability of selecting an individual with a smaller ¢ value is approximately equal to
the probability of selecting an individual with a larger o value.

We provide empirical evidence that shows when the ridge function is smooth (e.g. the
parabolic ridge), self-adaptation will decrease its step-size until it is unbiased in select-
ing o. On the sharp ridge, which is not continuously differentiable, the local topology in
the neighborhood of the step-size does not change as o decreases; this implies that for
any o value, there is a constant bias toward selecting individuals that have smaller step-
sizes. Our explanation for this behavior supplements other justifications for the failure
of self adaptation on the sharp ridge [14].

This is important because the ridge topology can greatly affects the usefulness of
solutions found by self-adaptation. This is especially true when the expected global so-
lution is smooth, a situation that arises in many real-world applications where spatially
close object parameters tend to have similar values. In this paper, we discuss two such
problems: 1) an atmospheric science inverse model that relates a smooth temperature
profile to a set of observable measurements and 2) an artificial problem proposed by
Salomon [[13]] that also has a smooth target profile. We show that the solutions found by
self-adaptation on these problems are often unacceptable for actual use. This is because
both problems have ridge topology and self-adaptation will favor the parameters of the
profile that offer the greatest decrease in fitness first, and often assign incorrect values
to the parameters that correspond to ridge axes (e.g. those that have less influence on
the fitness function).

T.P. Runarsson et al. (Eds.): PPSN IX, LNCS 4193, pp. 82-001] 2006.
(© Springer-Verlag Berlin Heidelberg 2006
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2 The Self-adaptive Evolution Strategy

The canonical evolution strategy is an iterative process where a population of y parents
produce X offspring based on mutation distributions that center around the parents. This
paper considers the (1, ) evolution strategy where the best parent is selected only from
the \ offspring.

In self-adaptation, each individual in the population is described by a set of object
parameters, which define its location in the search space, and a set of strategy param-
eters, that define its mutation distribution. In general, individuals with higher fitness,
and therefore better object parameters, are more likely to survive. Unlike object param-
eters, strategy parameters are selected indirectly based on the assumption that the best
individuals of the current generation are likely to have useful strategy parameters.

Béck describes the typical evolution strategy for self-adapting a global step-size [2]].
In the following equations, IV (0, 1) denotes a normally distributed random number with
mean 0 and a standard deviation of 1. Before the object parameters are created, the step-
size for each offspring is adapted.

o9t = g9 exp(N(0,7))

The global mutation strength on o is =1 /v/2n, where n represents the number of
object parameters. The object parameters are created based on this new step-size.

2 = 27 4 g9 Ny (0,1)

Self-adaptation can be extended to adapt elliptical distributions defined by individ-
ual step-sizes, but this mutation distribution has a tendency to collapse and search only
a subset of the search space [4/9l7]. Correlated mutations extends this idea further by
estimating the covariance for each pair of object parameters, which, in theory, can de-
scribe any elliptical distribution in the search space. But Hansen ef al. show that using
correlated mutations becomes impractical when the dimensionality is higher than about
ten [7] and that the performance of correlated mutations is strongly related to the ini-
tial values of the strategy parameters [6]]. These shortcomings suggest that self-adapting
more than one strategy parameter can be unreliable.

3 Self-adaptation and the General Ridge Function

A ridge in the search space occurs when there exists a different rate of change (e.g.
scale) between the parameters of the objective function. The direction of the ridge axis
is determined by the interaction of the parameter values. For a separable function, the
ridge axis will be aligned with the coordinate axis that corresponds to the parameter
with the smallest rate of decrease.

Isotropic distributions are invariant to rotations of the search space. This means that
the offspring are created in an unbiased search direction. The implication here is that the
difference in scale between the parameters of the ridge, and not the ridge orientation, is
the primary characteristic that can affect performance. But being invariant with respect
to rotation and being able to exploit ridge structures is not exactly the same [[15].
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The generalized ridge function, as defined by Beyer [3]], does not have an obtainable
optimal solution. Instead, this “treadmill” function is used to understand the steady-
state behavior of search algorithms on the ridge. The goal is to maximize the following:

N a/2
ot (54
=1

where d is a scaling factor that determines how narrow and steep the valley will be. The
a constant determines the type of ridge; the parabolic ridge corresponds to an o = 2
and the sharp ridge forms when o = 1. Although the ridge axis (denoted x() is aligned
with a coordinate axis, this will not skew our results because, as mentioned, isotropic
distributions are unbiased to the orientation of the ridge axis.

The goal is to make progress in the xg direction while minimizing the distance to
the ridge axis in all other dimensions [12]. This creates a problem for an isotropic
distribution because offspring are sampled in an unbiased way. For example, there is
no adaptive mechanism that allows self-adaptation with a global step-size to search for
larger values in one direction while minimizing the other parameter values.

Related Work

The theoretical and empirical behavior of evolution strategies using constant mutation
strength and a single global step-size is well documented for the parabolic ridge func-
tion [12J10411]. Beyer extended this work by looking at the performance properties of
the (1, A\)-ES on the general class of ridge functions [3]]. Recently, Arnold and Beyer
have studied CSA on the noisy parabolic ridge [1]].

The behavior for an evolution strategy with a fixed mutation strength can be sum-
marized using two important theoretical equations (see Beyer for details [3]). First, the
distance of the best individual to the ridge axis tends to fluctuate within a predictable
range, R, which is called the stationary distance [[10]. This measurement is used in the
second equation, the progress rate (), that predicts the average expected change in the
direction of the ridge axis given a fixed o value. Algorithms that creep on the ridge will
tend to have lower progress rates.

Beyer points out that the results derived using a constant mutation strength can serve
as a performance benchmark for self-adaptation [3]. If self-adaptation is working as
expected, the steady-state o values should be close to the optimal predicted values using
a constant step-size. Unfortunately, they are not.

Because an adaptive step-size is necessary in practice, it is important to understand
how different adaptive strategies will perform. Oyman, Beyer, and Schwefel present
conditions on the parabolic ridge where a (1 + 10)-ES limps, or creeps [10]. Several
researchers have also noticed that non-elitist self-adaptation fails on ridge functions.
Herdy showed that the self-adaptation with a single global step-size fails on the sharp
ridge [8]. Salomon empirically showed that the (1, A)-ES with a global step size failed
on two instances of the sharp ridge ! function [14]. Salomon found that the estimated
progress rate is essentially negative for nearly all values ¢ > 0. When the population

! Salomon’s test functions were similar to the general ridge function with @ = 1 and a = 0.5.
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size was large, which Salomon found grew exponentially with problem dimension, only
a small neighborhood of acceptable ¢ values yield positive progress.

Given the amount of attention devoted to evolution strategies on the ridge, it is sur-
prising that no explanation has been put forth as to why self-adaptation tends to evolve
less than optimal step-sizes on the general ridge function. In the conclusion of his paper,
Beyer observes that self-adaptation appears to reward the short-term goals of reducing
the stationary distance rather than the long-term goal of making progress along the
ridge axis [3]]. In the next section, we provide evidence that supports our conjecture as
to why this occurs.

4 Why Is Self-adaptation Sub-optimal?

On the ridge function there is a small “window” of improving search directions. This
window gets smaller as either the dimensionality increases or the scaling factor, d, in-
creases. This means that an unbiased isotropic distribution is more likely to sample the
search space in a poor direction rather than an effective one. This creates a strong bias
towards selecting smaller and smaller step-sizes.

In order to understand this bias, consider the three parabolic ridges in figure[Il The
left ridge is sharp (o« = 1) whereas the other two ridges are parabolic (o« = 2). Two
isotropic distributions based on o are shown. One is slightly larger than ¢ and the other
is slightly smaller. The base o value in the first two graphsis 1 and decreases to 0 = 0.1
for the right most graph. The “window” where the larger step size has greater fitness is
less than the small step-size window in all cases. In other words, the smaller step-size
has a larger region where its fitness is better than that of the larger step-size. This creates
a bias towards selecting smaller o values. Notice that on the sharp ridge, the “window”
aligns perfectly with the contour lines; decreasing o will not change the ridge bias.
However, comparing the two right graphs shows that as o decreases on the parabolic
ridge, the neighborhood around the step-size becomes more linear and the bias towards
smaller step-sizes is less pronounced. Given this inherent bias toward smaller step-sizes,
we propose the following conjecture.

Conjecture 1. The global step-size of a self-adaptive (1, \)-ES will stabilize when the
selection of o is unbiased toward larger or smaller values. If the ridge bias cannot be
removed, self-adaptation will continue to decrease o by selecting smaller step-sizes.

We found that the steady-state value of o on the parabolic ridge occurs when the proba-
bility of selecting a small step-size is approximately equal to the probability of selecting
a larger one. Self-adaptation decreases its step-size until the ridge bias diminishes. Intu-
itively, this makes sense. When o is large, the ridge bias will drive o towards a smaller
value. If o gets too small, the probability that a larger step-size will be selected in-
creases. Self-adaptation tends to have a steady-state behavior that reflects this balance.

On the sharp ridge, however, the inherent bias cannot be removed. Although the
sharp ridge is continuous everywhere, its gradient is discontinuous along the ridge axis.
This means that as the step-size decreases, due to the inherent ridge bias, the topology in
the neighborhood around o looks identical for all values. In other words, there does not
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Fig. 1. Contour plots of three ridge functions. The dotted arc in each plot corresponds to the
region where the smaller step-size has greater fitness. The solid arc indicates the region where the
larger step-size is best.

exist a small enough step-size such that the bias toward selecting smaller o values di-
minishes. This compliments Salomon’s results [[14]; in high dimensions, the population
size needed to effectively sample the search space adequately is exponentially large.
Without an adequate sample, an individual with a larger step-size will rarely search in
the small window where the larger step-size is best.

In order to provide evidence for our conjecture, we would like to measure the prob-
ability that the step-size of the next generation parent is smaller than that of the current
parent. If o, equals the step-size of generation g, then what we would like to measure
is: P(0g+1 < og4). We denote this probability as w. This will allow us to show that
when o reaches a steady-state, w ~ 0.5.

We can estimate w by conducting a series of “single generation” experiments 2. We
do this by creating A\ offspring based on a distribution defined by ¢ and the parent’s
location, . Then we evaluate the fitness of the offspring and ask the question: is the
step-size of the best individual less than the value of o7 We repeat this 200 times and
keep track of the number of times that a small step-size is successful. This is our esti-
mate of w, denoted w.

We ran 100 trials of a (1, 60)-ES on both the parabolic and sharp ridge function. Each
trial ran until either 1000 generations passed, which is ample to measure the stable be-
havior, or the step-size was below le — 10, which is appropriate for measuring failure.
After each generation, we estimated w using the position and step-size of the current
parent, as well as the corresponding population size, A = 60. We tested several settings
for the ridge scaling factor d = {1,2,5,10}. Larger values of d create a steeper ridge
function, which, given the same value for o, increases the bias toward selecting smaller
step-sizes. Figure [2 illustrates how self-adaptation behaves on a N = 30 dimensional
ridge function where d = 2. The left graph shows the logarithm of ¢ for each genera-
tion. On the parabolic ridge, o decreases until it reaches a steady-state value. Although
this is sub-optimal, the strategy continues to make progress along the ridge axis. The
step-size on the sharp ridge continues to decrease, never reaching a stable value. This

2 An idea used by Beyer [3] for a different purpose.
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Fig. 2. The left graph shows the convergence of log(c) for A = 60 on the sharp (o« = 1) and
parabolic (o = 2) ridge. The graph on the right shows w. The x-axis is the generation number.

is consistent with previously reported observations [814]. The right graph shows the
average w for each function. The value for & is approximately 50% on the parabolic
ridge. The step-size decreases until the topology around its expected distance from the
ridge is unbiased toward selecting small or large values of . On the other hand, as soon
as the self-adaptation finds the sharp ridge, the value for w is constant and greater than
50%. This is because changing the step-size does not impact the bias toward selecting
smaller o values. Therefore, the step-size will continue to decrease.

Increasing the scaling factor d increases the rate at which the last N — 1 parame-
ters decrease. This makes the difference between the rate of change for ridge axis (zg)
and all the other parameters more pronounced, and therefore, increases the ridge bias.
There are two implications here. First, the steady-state o values on the parabolic ridge
will decrease as d increase. This is because it will take a smaller step-size to create
an unbiased selection operator required for o to stabilize. Second, because the bias in
the sharp ridge cannot be removed, an increased ridge bias will cause the step-size to
decrease at a higher rate.

FigureBlshows how the scaling factor d can affect self-adaptation on the sharp ridge.
The right box plot indicates that increasing d creates a larger bias toward selecting
smaller step-sizes for the sharp ridge. The parabolic ridge still reduces it step-size until
@ = 50, but this requires a smaller o for larger values of d (which is not shown here).
Although the & value for the sharp ridge with d = 1 appears to be close to 50, it is
actually significantly different. Even this small bias will cause instability in the step-
size. The right graph of figure Bl shows the convergence behavior for o on the ridge
functions with d = 1. The parabolic ridge balances when @ = 50. On the sharp ridge,
a slight bias in selection (w > 50) causes the step-size to decrease slowly. Given 1000
generations, self-adaptation makes greater progress on the unscaled (d = 1) sharp ridge
than it does on the unscaled parabolic ridge. This is not surprising because the parabolic
ridge has a much larger rate of decrease to the ridge axis than the sharp ridge, which
decreases linearly.
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Fig. 3. The graph on the left shows @ for all values of the ridge scaling factor d. Each experiment
is denoted with an s or p, depending on whether the ridge is sharp or parabolic, and the d value.
For example, s1 refers to the sharp ridge with d = 1. The right graph shows the the convergence
of log(c) for A = 60 on the sharp with d = 1. Although & appears to be close to 50 for the
sharp ridge with d = 1 (s1), it is in fact significantly higher (using a t-test with a 0.95 confidence
interval).

5 Why Should We Care?

The previous section indicates that steeper more narrow ridges have a stronger inherent
bias toward selecting smaller step-sizes. We also know that the progress rate is lower
for smaller values of o [3]], which can cause an algorithm to creep. This means that on
the general ridge function, self-adaptation will find the set of parameter values that are
close to the ridge and either fail to find, or take a long time to find, the optimal value for
the parameter that corresponds to the ridge axis. What is unclear here is exactly how the
ridge bias can affect solution quality when more than one parameter acts like a ridge
axis. We have found that self-adaptation will pay more attention to the parameters that
have the largest rate of descent (e.g. large d) and often assign the incorrect values to the
parameters that act like ridge axes. Sometimes these values are wildly different from
the expected solution.

Many real-world applications that measure physical phenomena have optimal solu-
tions such that spatially close object parameters tend to have similar values. This creates
a “smooth” target profile through the parameter values of the objective function. We have
recently been using search methods to find the inverse of an atmospheric science forward
model that relates vertical temperature profiles to observed measurements. We actually
want to solve the inverse problem: given a set of observations, what is the corresponding
temperature profile? Traditional gradient-based methods can be used, which means that
the function is smooth, but such methods are computationally extremely costly [5]]. Un-
fortunately, we have found that well known, well tested evolutionary algorithms and local
search methods applied to inversion problems do not always yield acceptable solutions.
The primary reason for this is that there are ridges in fitness landscape.

Salomon demonstrated that a (1,6)-ES using self-adaptation failed to converge on
an artificial test function that also contained physical continuity [[L3]]. The test problem



Searching for Balance: Understanding Self-adaptation on Ridge Functions 89

50K 100K 150K
| |

0
|

Parameter value

200 220 240 260 280 300

10 20 ) 30 40
(a) The temperature inversion problem

weights
2.0

Parameter value
0 1
| |

10 20 | 30 40
(b) Salomon’s artificial test problem

Fig. 4. Self-adaptation will focus search on those parameters that offer the greatest influence on
the fitness function. The top graphs are the estimated bias b (figure (a)) and the actual weights
used on the temperature problem and Salomon’s problem respectively. The vertical dashed line
indicates a “transition” on the temperature problem where the parameter bias changes from small
to large. The average values of b are lower for the parameters to the left of this line. We simulated
this for Salomon’s function by applying larger weights to the last half of the parameters.

uses a simple convex function, f(x) = 1 — 2, as the target profile. The fitness of an
individual is an approximation of the area between the current solution and the target
profile (see Salomon’s paper for details [[13]). Since this metric is more on the order of
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the absolute difference between the target and current solution, and not its square, the
test problem creates a “sharper” ridge. This is the primary cause for self-adaptation’s
poor performance. We found that applying different weights to the individual parame-
ters exacerbated this problem.

We also know that the temperature problem has a strong bias toward the upper di-
mensions of the problem. Starting from the globally optimal solution, we varied each
parameter by & 2 units. Every move increases the objective error, which is zero when
no change is applied. The average change per dimension, denoted bisa rough estimate
of the expected change in the objective function associated with each object parameter
near the optimal solution.

The top graph in figures fi(@)| and F(b)|shows the estimated bias b for the temperature
problem and the actual weights used to scale Salomon’s problem. The bottom graph
in each figure shows the farget profile as a solid black line. The gray lines are the
10 best solutions out of 30 trials for a (1, 100)-ES using self-adaptation. Notice that
the parameters offering the greatest opportunity to reduce the error will correspond
to the largest values of the estimated bias b and artificial weights. This bias causes
search algorithms to fit the “steeper” dimensions of the profile first — and to assign
incorrect values to the other parameters. Unfortunately, as search continues to progress,
o becomes too small to make any dramatic changes to these solutions. From a practical
point of view, the parameter values are not very useful because they “zig-zag” the actual
temperature profile too much. The same is true for Salomon’s problem. Even small
weight values, like w; = 3, create enough difference in rate of decrease to have a
profound affect on how well the algorithm can fit the target profile.

6 Conclusion and Outlook

We have provided evidence to support our conjecture that self-adaptation will continue
to decrease its step-size on the parabolic ridge function until it removes the bias toward
selecting smaller o values. On the sharp ridge function, this inherent bias cannot be
removed, and o will decrease on average. This explains why the performance of self-
adaptation is poor on ridge functions.

From a practical point of view, ridges can cause even the best solutions found by
self-adaptation to be of little value when the solution is a smooth target profile. This is
because self-adaptation will favor the parameters that correspond to the largest decrease
in fitness first, and leave the other parameters in potentially sub-optimal locations. This
is strong evidence that isotropic distributions are not the most efficient or effective algo-
rithms for problems that contain ridges. Strategy that directly address the ridge problem,
like Covariance Matrix Adaptation [[1], are a much better choice.

The shortcomings of correlated mutations and the lack of robustness that frequently
occurs when adapting individual step-sizes leave an impression that the only safe way
to use self-adaptation is with a single strategy parameter. And this strategy can also
fail on the sharp ridge, a relatively harmless looking unimodal surface. To confuse the
issue even more, when self-adaptation does not fail, it usually adapts step-sizes that are
too small. All of these arguments seem to indicate that the self-adaptive assumption —
highly fit individuals will also have useful strategy parameters — is incorrect.
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On the other hand, the selected individuals will tend to have distributions that are
more likely to explore better regions of the search space on the ridge function. A large
step-size is less likely to “explore” better regions of the search space because of the
inherent bias that comes with ridge functions.

This paper takes the first step towards a deeper understanding of why self-adaptation
fails on the general ridge function. The results presented hold A = 60 (for N = 30)
constant. Future work should study how A can affect the steady-state value of . Our
preliminary results are counter intuitive; increasing the population size can also increase
the estimated probability (w) that a smaller step is selected.
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ence Foundation under Grant No. 0117209 and Sandia National Labs.
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Abstract. A very general class of EDAs is defined, on which universal results
on the rate of diversity loss can be derived. This EDA class, denoted SML-EDA,
requires two restrictions: 1) in each generation, the new probability model is build
using only data sampled from the current probability model; and 2) maximum
likelihood is used to set model parameters. This class is very general; it includes
simple forms of many well-known EDAs, e.g. BOA, MIMIC, FDA, UMDA, etc.
To study the diversity loss in SML-EDAs, the trace of the empirical covariance
matrix is the proposed statistic. Two simple results are derived. Let N be the
number of data vectors evaluated in each generation. It is shown that on a flat
landscape, the expected value of the statistic decreases by a factor 1 —1/N in each
generation. This result is used to show that for the Needle problem, the algorithm
will with a high probability never find the optimum unless the population size
grows exponentially in the number of search variables.

1 Introduction

Estimation of distribution algorithms (EDAs) are search algorithms inspired by evolu-
tionary algorithms. Whereas evolutionary algorithms use a population of configurations
to search for a solution to an optimization problem, EDAs use a probability function
instead. This probability function models the population which it replaces. For this rea-
son, EDAs are also often called “probability-model building evolutionary algorithms”.
A range of EDAs have been proposed and developed, both for continuous and discrete
search spaces, and a number of successful applications have been reported. A recent
book [l1]] reviews the field.

One of the appeals of EDAs is that the probability models can represent and learn
the structure between the search variables. The earliest EDAs treated each variable in-
dependently [213]. Later EDAs allowed a structured relationship between the variables.
This allows correlations between the variables to be maintained during search. Since
the effectiveness of genetic algorithms, and most other heuristic search algorithms, is
highly dependent on the move operators, the fact that EDAs can learn move operators
is a very enticing feature.

Despite the appeal of EDAs and the reported successes, there are difficulties in ap-
plying them effectively. One difficulty, which is the primary issue of this paper, is that
under certain circumstances certain EDAs can get into states from where they can-
not find the optimum no matter how long they are run. This is because they have lost
their diversity; it is analogous to fixation in a mutation-free genetic algorithm. Thus, to

T.P. Runarsson et al. (Eds.): PPSN IX, LNCS 4193, pp. 92-[I01] 2006.
(© Springer-Verlag Berlin Heidelberg 2006
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apply EDAs effectively, the control parameters of the algorithm must be chosen to avoid
this situation. However, this may be difficult to do. For independent-variable EDAs, it
has been shown [4L5] that the appropriate settings of these control parameters is very
different for different problems. For example, the learning rate in PBIL needs to be
sufficiently small to insure that the optimum is found, and it must be exponentially
small in the system size in some problems, but need only scale as low-order polynomial
of the system size in others. This makes it very difficult to set this control parameter
in advance. Similar results hold for UMDA, where the population size must grow as a
problem-dependent function of the number variables; exponentially for some problems,
polynomially in others.

It has not be known whether these results hold for EDAs with more complex variable
structure. A number of different EDAs have been proposed, which are distinguished by
the structure imposed on the variables and by the method used to learn the probability
model. This makes theoretical analysis difficult, first because there are so many dif-
ferent models to analyze, and second, because the analysis of models which change
their structure at each generation is difficult. Indeed, much of the theoretical work has
focused on the simplest, independent-variable EDAs (e.g. [6/715]). An example of the-
oretic work on population sizing in a specific non-independent EDAs is [8].

It is worth emphasizing that although it is expected that the runtime of algorithms
will depend very strongly on the problem, effective algorithms should work with fairly
generic settings of the control parameters. Otherwise, one will have to dedicate sub-
stantial computational resources to searching control-parameter space, resources which
could be applied to searching for the optimum using a more robust algorithm.

In this paper, two rigorous results are derived which hold for an entire class of
EDAs. It is a fairly unrestricted class, including EDAs which learn structure, such as
the Bayesian Optimization Algorithm (BOA) [9] in its simplest form, as well as simple
EDAs such as UMDA [3]] which is one of the earliest independent-variable EDAs, and
many others. The first result concerns the expected diversity loss per generation when
searching on a flat landscape, and the corresponding expected time to completely lose
diversity (fixation). The second result is a lower bound on the minimum population size
required to insure that the optimum is found when searching for a particular configura-
tion on an otherwise flat landscape (the so-called needle in a haystack problem). Both
results are universal for the entire class of EDAs.

2 Estimation of Distribution Algorithms

I will consider the search space to consist of L variables, all of which take values from
some finite set A, i.e. x = (71, 22,...,21) € A¥. The goal is to find the configuration
which maximize an objective function f : A" — R.

At the heart of the EDA is a class of probability functions from which a probabil-
ity function is chosen at each generation. In general, this has two parts: the structure
defines which variables interact with which, and the parameters define the form of the
interaction. The structure is discrete and denoted S; the parameters are continuous and
denoted P. To avoid confusion, the term parameter will always be used to refer to a
parameter of the probability model; the term control-parameter will be used to refer to
parameters of the algorithm, such as the population size.
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To express this mathematically, the assumption of EDAs is that for each variable z;,
there is a set of variables, called its parents, on which it depends. Let 7(¢) denote the
set of parents of component ¢. The underlying assumption is that the joint probability
of all the variables P(x), factorizes.

L
P(x) = [ [ P(xilxnq)- ()

i=1

Here, we use the shorthand x, ;) to denote the vector consisting of just those compo-
nents which are parents of i.

The set of parents for each variable is what constitutes the structure of the probability
model. Once the structure has been determined, one needs to estimate values for each
of the factors in equation (I). These values are what constitutes the parameters of the
probability model.

The generic EDA is roughly as follows. Start with a random population of M vectors.
Then implement a loop consisting of

1. Select N vectors using a selection method.
2. Learn the probability model (S, P) from the selected population.
3. Sample M vectors from the probability model.

There are many variations. Selection is often done by applying truncation selection to
the sampled population. Alternatively, the selected vectors replace a fraction of the se-
lected population from the previous generation rather than the entire population. Like-
wise, the probability model can be built from scratch at each generation, or or can use
the model from the previous generation(s) to build the current model. Another source
of variation in EDAs is in the allowed structure: UMDA treats each variable indepen-
dently. MIMIC assumes a chain of interactions, so every variable except the root and
the terminal variables are the parent of one node and the child of another. BOA uses a
general directed acyclic graph to represent the structure. And there are many others.

2.1 SML-EDA: A Restricted Class of EDAs

In this work, we consider a restricted class of EDAs for which we will derive some
simple results. We will need three assumptions.

Assumption 1. The probability distribution in each generation is built using only data
which was sampled from the probability model of the previous generation.

Assumption 2. The parameters of the estimated model are chosen using maximum
likelihood.

Assumption 3. The sample size M and the size of the population used to build the
model N are of a constant ratio independent of the number of variables L.

Assumption [I] means that data in generation ¢ can only affect data in generation ¢ + 1
through the probability model. This rules out taking data directly from previous gener-
ations to put into the current population. Thus, there can be no elitism or mixing of the
population with populations from previous generations.
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The results of this work apply irregardless of the mechanism used to generate the
structure of the probability model. However, once the structure is chosen, Assumption[2]
requires the parameters of the model are those which maximize the probability of the
data given the probability model,

PpML = argmaxp prob (population|(S, P)). (2)

This estimation is widely used, because it is easily computable from empirical fre-
quencies. For example, once the structure of the model is determined, a typical model
parameter will correspond to the probability that a particular component takes the par-
ticular value, given the value of its parents. If assumption [2] holds, this probability is
estimated by the following ratio,

N (i, Xn(i))
N (Xﬂ'(i))
where N (z,y) denotes the number of times in the data that x and y takes their values.

In this paper, we will explore two results which hold for all EDAs for which these

two assumptions hold. For the purpose of this paper, we will refer to all such EDAs as
SML-EDAs, to denote Simple, Maximum-Likelihood EDAs.

Definition 1. The class of EDAs for which assumptions[Il and 2 hold are called SML-
EDAs.

P(zilxx1)) ~ (3)

This class includes a wide group of EDAs and can include EDAs which assume inde-
pendent structure, EDAs which have non-trivial fixed structure, and EDAs which learn
their structure from the data. Certainly many of the standard EDAs, such as UMDA,
MIMIC, FDA, BOA, fall in this class in their simplest form.

There are two ways in which EDAs typically fail to be in the class SML-EDA. First,
because they use data from several previous generations to generate the probability
model. The second reason is that the parameters are not set using maximum likelihood.
PBIL, for example would not be in this class because its values are estimated as a linear
combination of the current values and the maximum likelihood ones. Miihlenbein and
Mahnig [10] suggest setting parameters for FDA using a maximum posteriori method
rather than maximum likelihood; if that is done the resulting EDA is not in this class.

Finally, in this work we are interested in asymptotic behavior for large L. Assump-
tion[Blensures that a single control parameter governs the population size. Under these
three assumptions, the EDA works like this:

1. Initialize sample_pop to be a random population of size M
2. Repeat
(a) Produce select_pop by selecting N from sample_pop;
(b) Learn the structure of the probability model S from select_pop by any
means;
(c) Learn the parameters of the probability model P from select _pop using
equation (3).
(d) Update sample_pop by sampling M vectors independently from the proba-
bility model defined by (S, P).
3. Until some stopping criterion met
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3 Diversity Loss in SML-EDAs on a Flat Fitness Landscape

The first result concerns the rate of diversity loss in SML-EDAs on a flat landscape.
To measure the diversity in a population of size NV, we will use the trace of empirical
co-variance matrix. Let v{* be the empirical frequency at which the component i takes
the value A, i.e.

1
vt = N%}é(mé‘ = 4), “

where z!' is component i of population member 4, and § is an indicator function; 1 if
its argument is true, and 0 if its argument is false. The diversity measure we will use is,

1 a a
U:Zi:wza:ui(l—ui), (@)

where |.A] is the number of values component x; can take, which is assumed to be the
same for all components.

Whenever the value of a component fixates, i.e. is the same in all members of a pop-
ulation, the corresponding > v (1 — v¢) will be zero. So, complete fixation implies
v = 0. The random population has the maximum value of v. Finally this is related to the
covariance matrix which is defined as the expectation that two components both take
the value A, minus the expectation that they take this value independently, summed over
all values,

Cij = ﬁ > [b(ai = a)é(z; = a)) — (6(z; = a)) (8(z; = a))] (©)

where angled brackets (-) denotes expectation. The quantity v, is the trace of the em-
pirical estimate of C' at generation ¢.

Using this measure of diversity, it is trivial to derive the diversity loss on a flat land-
scape, on which all vectors have the same fitness. On a flat landscape, sampling M
values followed by selection of a population of size NV is equivalent to sampling a pop-
ulation of size N.

Theorem 1. For EDAs in class SML-EDA on a flat landscape, the expected value of v
is reduced in each generation by a factor of 1 minus the inverse population size,

(o) = o) (1- 5)- @

A detailed proof will be given elsewhere. To get from generation ¢ — 1 to ¢, there are two
steps. First the probability distribution is created from the data. Second, a new popula-
tion is created from the probability model. The proof is almost trivial. Starting from the
value of v;_1, the model is built. Since the parameters are set by maximum likelihood,
the marginals are equal to the frequencies for each component. Then sampling is done.
Since the landscape is flat, we can combine sampling with selecting, and replace that
step with the single step of sampling N data vectors from the probability model. It is
well known that empirical variance is reduced by a factor (1 — 1/N) from the parent
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population. Thus (v;) = v¢—1 (1 — 3;). Finally, we average over the right-hand side to
get the result.

This provides a prediction for the expected diversity loss which is universal for all
EDA in the class SML-EDA,

() =vo (1 —1/N)", (8)

which decays with characteristic time approximately equal to the population size for
large N. Assuming a random initial population, vg = L/|A|(1 — 1/|A|).

4 A Universal Bound for the Minimum Population Size in the
Needle Problem

Next we consider an SML-EDA searching for a particular configuration on an otherwise
flat landscape. This problem is sometimes called the needle in the haystack problem,
or the Needle problem. lLe. there is one special state (the “needle”’) which has a high
fitness value, and all other configurations have the same low fitness value.

Using the result from the previous section, it is possible to derive a lower bound for
the minimum population size /N needed to solve this problem. Let T’y be the time that
the needle is first sampled. The shorthand Ty = oo will mean that the needle is never
sampled. (Time is measured in units of iterations of the algorithm. One time-step refers
to one cycle of selection, model building, and sampling.) We will assume, as above,
that the search space consists of L variables, each of which takes |.4| possible values.
Asymptotics will be for large L; |.A| is assumed to be a constant.

To derive a lower bound on the minimum population size required to ensure that the
optimum is found, a bound can be derived for the probability that the needle is never
sampled,

prob (Ty = c0) > B(N, L). ©)

Then, the follow holds.

Theorem 2. In the limit that L — oo such that N> L|A|~F — 0,
B(N,L) =1-0 (|4 ""72)

for any EDA in SML-EDA searching on the Needle problem.

This result shows that any SML-EDA will almost never find the needle if the population
size is o(y/|A|¥/L). Le. the population size must grow at least as fast as 1/|.4|% /L for
the optimum to be found.

Theorem [2] will be proved in two steps. First, a time ¢* is defined so that, if the
algorithm has run for that length of time without finding the needle, it is highly likely
that it never will find the needle. Next it is shown that if the population size grows (with
L) sufficiently slowly, it is highly likely that the algorithm will run for ¢* steps without
finding the needle.

The first step towards proving Theorem Rlrelies on the following result.
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Lemma 1. Let t* be defined as

Log (JA|) + log (LNwy)
* _ 2
v= log (1 —1/N) ' (10)

If the needle has not been found after a time t > t*, the probability that the needle
will never be found is greater than 1 — ¢, where ¢ = |A|~L/2. Mathematically, this is
expressed,

prob (Ty = oo|Ty > t*) > 1 — |A|~L/2, (11)

Proof. To compute prob (T’ = oco|Ty > t*) first observe that at time ¢, the expected
variance is given by equation (8) and will be very small. Because the variance is posi-
tive, the fact that the expected variance is small means that the actual variance must also
be small with a high probability. The largest the actual variance can be with a probabil-
ity greater than or equal to 1 — € is (v) /¢, for any ¢ between 0 and 1 (see, for example,
[[L1]). In other words,

prob {v(t) < M] >1-—e (12)
€
The idea is to choose t* to be large enough so that
<1}t> 1 1
<L < —(1-= 1
=T =N N (13)

The reason is that if v; is so small, there must be fixation at every component except
possibly one component. (Fixation of a component ¢ means that the variable x; takes
the same value in all vectors in the population.) Since maximum likelihood is used to
build the probability model, once fixation happens at any component, that component
will remain fixed for the rest of the run of the algorithm. If L — 1 components are fixed,
the needle will only be sampled if they are fixed at values found in the needle. The
probability of this is no more than |.A|~ (=1, Thus, we can write

prob (Ty = co|Ty > t*,v; < 1/N — 1/N?) > 1 — |A|~E=D, (14)

This is the probability that the needle is never found assuming that the needle has not
been found up to time greater than ¢*, and given that v, is small enough that we know
that . — 1 components are fixed.

We are not certain that v; appropriately small, it is just probable so. However, the
probability that v; is small as we assume is €. Take

e=|AI7L2, (15)
Then it is the leading order term and
prob (Ty = oo|Tny > t*) =1 — O(e). (16)

It only remains to compute ¢*. This is done by setting equation (I3) to be equality, and
solving equation () for ¢. The solution is equation (I0).
O
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The next step in proving Theorem [2] is to consider the probability of not finding the
needle during the ¢* steps.

Lemma 2. Let t* be defined as in equation (L0). The probability that the needle is not
found after t* steps obeys

prob (Ty > ) > 1 élog(LA\) +log (LN)| . (17)

N2
A
Proof. Choose t* as in equation[I0l Since random search is optimal for this problelrﬂ,
the probability that SML-EDA does not find the needle in time ¢* obeys

)t*N

prob (Ty > t*) > (1 —|A|~F (18)

(Remembering that N vectors are considered at each time-step.)
The result is found by putting into this equation the value for ¢*, and using the con-
vexity of log and exp and other standard inequalities to simplify the expression, O

Proof of Theorem
Proof. The probability of never finding the needle can be decomposed into,
prob (T = 00) = prob (T = co|Tn > t*) prob (Ty > t*). (19)

with t* defined as previously. Lemma [I] gives a lower bound for the first factor on
the right side of equation (I9). Lemma 2] gives a lower bound for the second factor.
Combining them gives the following,

L
prob (Ty = 00) > 1 — | A~/ — N?| A" [5 log (JA]) +log (LN)| (20)
+ higher order terms in |A| 7L . (1)

If in the limit that L — oo, N grows sufficiently slowly that the third term vanishes,
then the probability of never finding the needle will go to 1. Thus, if

| .A\L /2)
N=o , 22)
( VL
the leading term in equation 20 will be 1 — |.A|~%/2 and as L — oo the needle will
never be found. g

5 The Expected Runtime for the Needle Problem and the
Limits of Universality

The content of Section M is basically if the algorithm runs for time ¢* without finding
the needle, the algorithm has likely fixated and will never find the needle. Since number

! Among algorithms which make no attempt to prevent visiting the same configuration multiple
times.
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vectors processed is tN which must be of order |A|” for the needle to be found, N
must be approximately the size of |.A|* /t* for the needle to be found. This result is
universal, it holds for the entire class SML-EDA.

The next task is to show that when the population size is sufficiently large, the prob-
ability of finding the optimum approaches one, and to produce an estimate of the run
time when N is large enough so that the needle is typically found. It is not clear that
this can be done for the entire class SML-EDA. Lemmal[Il gives a universal upper bound
on the search time given the needle is found.

Corollary 1. If the needle is found, the time to find it is bounded above by t* with
probability 1 — | A|~F/2.

However, this is not very informative. If the population size is smaller than the critical
value, as given in equation 22] this bound is not useful, since the needle will almost
never be found. If the population grows much faster than the critical value, it is likely
that this bound is not tight. For example, if the population size N = O(|.A|F) it is
likely that the optimum will be found in the first few generations. If the population size
obeys the critical scaling, N2 = O(|.A|% /L), Corollary [ suggests that the algorithm is
efficient; the runtime is asymptotically the same as random search. However, the results
herein are not sufficient to show that the probability of finding the optimum is needle is
close to one in this case.

The reason that it is not possible to investigate the regime in which the optimum is
find using the methods of this paper, is that the particular statistic, v; gives one-sided
information. When it is small, there is definitely fixation, independent of the structure
of the probability model. However, when it is near its initial value, that does not imply
that there is no fixation in models with non-trivial structure. As an example, consider a
chain model with binary variables. Each variable z; can take the values 0 or 1, and the
parent of variable 7 is node ¢ — 1. Variable 1 is a root and has no parent. In other words,
the assumed probability model is P(x) = P(x1) HZ-L:Q P(x;|x;—1). Suppose it fixates
such that P(x;) = 1/2, P(x; = 1|z;—1 = 0) = 1 and P(x; = O|a;—; = 1) = 1. The
only vectors which can be generated are 01010. .. and 101010. . .. This fixation would
be totally invisible to the statistic v, which would continue to equal its initial value.

One conclusion is that convergence conditions will not be universal, but will be
particular to the EDA. (This paper is essentially about non-convergence conditions.)
A particular statistic, sensitive to the type of probability model might be necessary.
For example, the statistic used here is appropriate for SML-UMDA, for which it can
be shown that if the population size N and runtime 7' obey TN = O(].A|*) and
T/N = O(|A|7L%) for § > 0, the algorithm behaves asymptotically like random
search on the Needle problem and is therefore efficient. For other EDAs other statis-
tics may be required to study algorithmic efficiency. Alternatively, it is possible that the
decay of some general property of the covariance matrix, e.g. its rank, may be used to
show convergence results for the general class SML-EDA, but that remains to be seen.

6 Conclusions

With inappropriate settings, many EDAs can reach a state from which the probability of
ever finding the optimum is zero. This is due to diversity loss which cannot be restored.
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If any component of the data vectors does not take one of its allowed values anywhere
in the entire population, that value can never be restored. If that value is required in
the optimum, the optimum will never be sampled. The flat landscape is the simplest
problem in which this can be studied. We have shown that this diversity loss is the same
for a whole class of EDAs. A consequence of this is that for a problem which is almost
everywhere flat, such as the Needle problem, the probability of diversity loss before the
optimum is sampled is also universal for the class, and we have shown that it requires
an exponentially large population size to avoid this.

It is important to go beyond these results. In many other search problems, the land-
scape will not be flat, but there will be many directions which are essentially flat. It
was shown in UMDAJS5] and PBIL [4] that the rate of diversity loss relative to the rate
of search in non-flat directions helped to understand how control parameters needed to
be set to ensure a reasonable probability of finding the optimum. Presumably the same
will be true in arbitrary EDAs. However, unlike diversity loss, I expect that search in the
non-flat dimensions not to be universal, but to depend on the structure of the probability
model. This remains to be investigated.
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Abstract. In this paper we relate information theory and Kolmogorov Complex-
ity (KC) to optimization in the black box scenario. We define the set of all possible
decisions an algorithm might make during a run, we associate a function with a
probability distribution over this set and define accordingly its entropy. We show
that the expected KC of the set (rather than the function) is a better measure of
problem difficulty. We analyze the effect of the entropy on the expected KC. Fi-
nally, we show, for a restricted scenario, that any permutation closure of a single
function, the finest level of granularity for which a No Free Lunch Theorem can
hold [7]], can be associated with a particular value of entropy. This implies bounds
on the expected performance of an algorithm on members of that closure.

1 Introduction

General purpose algorithms (also known as metaheuristics, black-box algorithms or
randomized search heuristics [9]]) are often used when either the problem is not well
defined or when there is insufficient knowledge (or resources) to construct specific al-
gorithms [9]. In the most general case, a randomized search heuristic can be represented
as a mapping from a multi-set of previously visited points to a new (not necessarily
unvisited) point in the search space. Wolpert and Macready [10], Vose [8] as well as
Droste, Jansen and Wegener [3l9] suggested accordingly a formal model for black-box
algorithms which generalizes most, if not all, existing randomized search heuristics.

There are various theoretical approaches to analyze the expected performance of
metaheuristics. Wolpert and Macready [10], using their model, proved that over all
possible problems, all algorithms have the same performance. It was later shown that
the same result holds even for a smaller set: the sharpened No Free Lunch Theorem
(NFLT) [7]] proves that a NFL result holds for any set of functions which is closed
under permutation.

Rather than focusing on a set of functions, compressibility or Kolmogorov com-
plexity is associated with a particular object. It is defined as the length of the shortest
program that can generate a string and halts. When the string represents a problem, it
is argued that compressible strings are associated with easy problems whereas random,
incompressible strings, with difficult ones [6].

In [2], based on the information landscape framework, we derived a new way to
measure the KC of a fitness function and showed the connection to the NFLTs. However,
this framework was based, mainly, on a first order approximation. This paper removes
this restriction. In section2 we introduce the notion of Kolmogorov complexity — a way
to measure the complexity of a fitness function f. Section [3] defines the information

T.P. Runarsson et al. (Eds.): PPSN IX, LNCS 4193, pp. 102-[IT1] 2006.
(© Springer-Verlag Berlin Heidelberg 2006
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content of f. Then, we define a way to measure its entropy, or as we put it, to quantify
the amount of information a function contains. The connection between the expected
difficulty of the function and its amount of information is explored in section [l The
implication of this on the sharpened NFLTs is given in section[3

2 Kolmogorov Complexity

The Kolmogorov complexity [6] K : {0,1}* — N is a function from finite binary
strings of arbitrary length to the natural numbers N. It is defined on *objects’ represented
by binary strings but can be extended to other types like functions.

The KC of an object, z, is defined as the length of the shortest program that prints
2 and halts. The program can be implemented by any universal programming language
(e.g., C++, Java), in which a universal Turing Machine can be implemented. The choice
of universal computer (programming language) may change the KC of x only by a fixed
additive constant (which depends on the length of code required to simulate a universal
computer by another). For this reason, we fix our programming language to an arbitrary
language (e.g., C) and define KC w.r.t. that language. The KC of a string z is defined
as: K(x) := miny, I(p), where p is a program that prints = and halts and [(p) denotes
the length of program p. This definition suffices for the purpose of this paper — a more
accurate definition is given in [65]].

A simple or regular object x has a low KC. For example, a string representing a
sequence consisting of n 1s (i.e., “111...17) can be represented by K (z) = O(logn)
bits. The size of the program depends on the number of bits needed to encode the
number n. A random object, on the other hand, with very high probability, can only
be represented by K (z) = n + O(logn). That is, the shortest program to print = will
be: ”print x”. The KC of an object can only be used as a conceptual measure of its
complexity, it cannot be computed. That is, it is possible to analyze the properties of a
random object, or even to prove that the majority of objects are random but, given an
object z, it is not possible to prove that it is random.

The notion of KC can be extended to account for functions as well. Let f : X — Y
be a mapping between two finite spaces X and Y, then:

K(f) =min, co13-{l(py) : Vo € X py(z) = f(2)}

where py is a program that given an input x returns the value f(z). Any function, in
the worst case, can be represented by explicitly listing the co-domain value for each
domain (e.g.,if (x=“0000000000") return 1230 else...). If the function is random, this
is the only way to represent it. Other functions, like flat functions, can be represented in
code with a constant length, e.g., "return 0.

The KC of a function is sometimes used as an indicator for the expected difficulty of
the function for optimization algorithms. A random function contains no regularities.
For this reason, no algorithm, regardless of the search strategy, is expected to optimize
it efficiently. A function with a low KC, on the other hand, contains regularities, that,
in some scenarios, can be exploited by a search algorithm to find an optimal solution
quickly.
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Some limitation of using KC to asses problem difficulty were studied in [1]. It was
concluded that KC measures how different (either better or worse) the expected perfor-
mance (over a function) is likely to be from a random search. Moreover, some exam-
ples of difficult functions which have low KC were given. Nearly constant functions,
like the needle-in-a-haystack, have minimal KC. Nevertheless, they are very difficult to
optimize. This paper addresses particularly the last limitation. In this paper we make
the following assumptions: Firstly, we focus, on functions which contain only a small
number of optima. More precisely, by small, we will mean logarithmic in the size of
the search space. Secondly, we assume that the algorithm has no a priori bias towards
specific regions of the search space. We do not exclude deterministic decisions making
— we assume, however, that the initial starting points are random. In the following sec-
tion, we will define the information content of a function, and we will use this in section
Mlto suggest a new way to calculate the KC.

3 Information Content of a Function

Let f : X — Y, where X denotes a finite search space and Y is finite. Let F" denote all
possible fitness functions. Using Vose’s notation [8]], random search heuristics can be
thought of as an initial collection of elements ¥}, € ¥ chosen from some search space
X together with a transition rule 7 which produces from the collection ¥;, another
collection ¥;. The search is a sequence of iterations of 7: Wy, g, L ... A collection
of elements is a multiset of X. We use the term search-state to denote a particular
collection. The set of all possible such collections, the state-space, is denoted by V.
Without loss of generality, we assume a notion of order in ¥. Note that we do not
consider the dynamics of the algorithm and hence adjacent states do not correspond to
adjacent time steps.

We restrict our attention to search algorithms for which 7 depends completely on the
current state, that is: 7 : ¥ x F' — W. Heuristics such as particle swarm optimization
include other parameters such as, for example, velocity vectors. We do not consider, at
this stage, such algorithms.

In reality, the transition rule 7(¥;, f) if often a composition 7 = x o £(¥;, f) where
&(W;, f) denotes a selection operator, and x can be thought of as the exploration op-
erator. The selection phase identifies solutions with high fitness value, the exploration
operator samples accordingly new solutions from X. This section focuses solely on the
selection phase of the search.

In order to make a clear distinction between the two operators (stages) it is useful to
think of an output of the selection operator, a multiset, d, which represents a possible
way to choose (or select) solutions from ¥;. For example, in GAs, given a particular
population, ¥;, d includes a possible mating pool. For a (1+1) evolutionary strategy,
d can be either the parent or the offspring). Given a state ¥;, we denote by S* all
possible ways of selection points. That is, .S ©is a set of multisets, each multiset, d € S?,
corresponds to one possible way of selecting points.

! The notion of a state, in that case, is not natural but, nevertheless, correct. Each state, in our
notation, contains two solutions, then selection is applied to select one of them, and a mutation
is applied in order to achieve the next state.
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The dependency of the performance of a search algorithm on f is reflected by a
probability distribution, P%, that the selection mechanism defines for each state over
S%. The particular multiset of solutions, d, that the algorithm selects, being the only
argument for the exploration operator, defines the next state of the search. We define the
information content of f as the set of all such distributions.

Definition 1. The information content of the function f is the set Py =
{PJ}, PJ? s e PJP} which gives for each state, W; the probability distribution P} used
in the selection phase.

Usually, the algorithm does not define explicitly a probability distribution over S?,
rather, a distribution over single solutions from ¥;. For example, binary tournament
selection defines the probability of selecting one of two possible solutions as follows:

Pr {o|{z,y}} = 6(f(x) > f(y)) +0.56(f(x) = f(y)) (D

trnmnt

where the function §(expr) returns 1 if expr is true, and 0 otherwise. This is used for a
state (population) bigger than two points, by selecting, iteratively, uniformly at random,
two points from ¥; and applying equation[Ik

Pr(z | ¥;, f) = Pr{z,z} + Z Pr{z,y} - trfnfnt{x | {z,y}} )
TFY

Finally, P}, the probability of selecting a particular multiset, d, is obtained as follows:

Pi(d |, )= [] Pr(d; | @.f). 3)

J<|d|

Rather than calculating the probability of selecting a particular multiset on a partic-
ular state (P}(d)), we can measure the probability of obtaining particular sequence of
decisions — this gives a full account (when, to reiterate, all the other parameters of the
algorithm are fixed) for the expected performance. Let D = S° x S! x ... x S™, and
D € D a particular decision set. Let R be a random variable taking values from ID. The
probability Py that the algorithm is consistent with D is:

Pr(R=D) =[] Pid)

deD

In order to understand the meaning of the distribution Py, it is important to explain
the connection between a deterministic selection mechanism, decision set and fitness
functions. For deterministic selection mechanism, f and D are synonymous: there is
only one decision set which corresponds to a particular fitness function. The set of all
possible fitness functions (/") corresponds therefore to a set of possible decision sets
D C D. For stochastic selection mechanisms, a uniform Py corresponds to choosing
at each state, ¥;, d € S° uniformly, at random, this can be thought of as running a de-
terministic search algorithm BUT choosing f € F' uniformly, at random i The NFLTs

2 Assuming that the algorithm is consistent, i.e., given the same state, it always makes the same
decision.
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Fitness ::> Information Content ::> Possible Decision Matrix
Function
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001 001 u L
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Fig. 1. Matrix representation of the information content of a function and a possible decision set

[7] imply that the expected performance, in such case, is that of a random search. The
distribution Py corresponds therefore to the level of randomness in the decision making
of the algorithm. We define the entropy of f, in order to measure thidl:

Definition 2. Let W denote the state-space of the algorithm. The entropy H(f) of f
corresponds to the entropy of Py as defined by the algorithm.

H(f)= > Ps(D)log1/Ps(D)
DeD

While K (f) measures how regular a function is, and thus implies how difficult it is
to optimize the function, H(f) measures the hardness of the search from a different
perspective. It explicitly measures the randomness induced by the way an algorithm is
using the function. The higher the rate of random decisions the algorithm is expected to
make, the closer the performance will be to a random search.

3.1 Making It Concrete

The size of || and |&;| for realistic search algorithms is usually bounded. Genetic
algorithms usually use a population of fixed size, the size of a tabu-list is bounded
and local-searchers often consider only two solutions at any given time. In order to
have a more concrete formulation we will restrict our attention to algorithms that use a
comparison of pairs of solutions in the search space.

Each state ¥; corresponds, therefore, to a pair of solutions (e.g., {z;, z; }) from which
the algorithm chooses one. It follows that the number of all possible states |¥| = | X |?,
and that for each state there are |S;| = 2 possible choices. In this case, if we consider
various local searchers, equations [l and 2] coincide, and therefore:

Pi{} | {z.u}) = Pr {o| {z.0}} @

% In order to have a complete understanding one has to consider the probability of obtaining a
particular state during a run and calculate the expected entropy accordingly. At this stage, we
assume that the uniform distribution gives a good indication to that.
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Figure [ illustrates this notion for a search space of size 8. It represents a fitness
function f, the information content of the function and a possible decision set. The
information content of the function is represented in the form of a matrix, in which
the area above the diagonal corresponds to the search-states ¥. Each entry in the ma-
trix corresponds to the probability P}, defined by equation ] of choosing either of the
|S?| = 2 possible solutions. The decision set is defined as a possible realization of the
distributions given in the information-content matrix. We used the abbreviation *U’ and
L’ to denote up and left, respectively, that is, to point the particular solutions in the
matrix, which were selected.

This scenario corresponds directly to various kinds of local search algorithms. How-
ever, it can also approximate some population-based search algorithms, as long as they
use a binary selection operator. For example, a GA with binary tournament selection,
or even Memetic algorithms. In any case, from this point on, we will consider only this
restricted scenario. Whenever ¥ is implied we assume the comparison of pairs of so-
lutions. P} is defined as in equation El Under this assumptions we can calculate the
entropy of an algorithm.

Theorem 1. Ler X, V¥, f, P} defined as before. Define r(f) =, 6(P} = 0.5). Then,
H(f) =r(f).

Proof. Since for Pif = 0.5 the algorithm chooses with equal probability one of the
two solutions, Pr(D) = [[,cp P;(d) is uniformly distributed. Also, the number of

possible decision sets is exponential with the number of entries Pif = 0.5. It fol-
lows, therefore, that Vp Pp(D) = 1/2") which gives, H(f) = Y. pcp1/270)
log 271 = r(f) O

The entropy of the landscape corresponds to the number of states in which the algorithm
is forced to take a random decision. The entropy will be maximal (i.e., equals |¥|) for a
flat landscape (in which ViP} = 0.5). In this case, the search will be random. Note that
while low entropy indicates non-random search, this does not necessarily correspond
to efficient search — it simply implies that the algorithm searches according to a certain
bias. The efficiency of the search depends on the matching between this bias and the
problem at hand.

4 Information and Problem Hardness

In section 2] we defined the KC of f and argued that high KC implies hardness. Section
[l on the other hand, focused on the entropy of f for stochastic search algorithms. It
seems that the two notions define hardness from two different perspectives: the first,
K (f), relates to some intrinsic property of f which measures how regular the function
is. The second, H(f), measures the level of randomness as reflected by the way an
algorithm uses f. In this section we show that the KC of the expected decision set of
the algorithm, integrates these two measures.

As a first step, note that given the fitness function f, we can use a fixed size program
to generate the information content of f (i.e., equation H)). This, in turn, can be used to
generate all the elements of the decision set which correspond to entries with a value
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different from 0.5. The KC of the decision vector is equivalent therefore to that of f
plus the complexity which corresponds to the random decisions the algorithm makes.

The problem arises as to how to measure the part corresponding to the random deci-
sions. It seems that it can be better described by H (f) (which relates to the distribution)
rather than the Kolmogorov complexity which measures the complexity of a single ob-
ject. The two measurements of information, however, are closely related. The following
result is taken from [6]:

Lemma 1. Let x = x1x2... where the individual x; are realizations of some random
variable X;, distributed according to some distribution P. If all outcomes X1, Xo, ...
are independently identically distributed (i.i.d.) with for all i, P(X; = 1) = p for some
p € [0, 1], the expected Kolmogorov complexity of x is:

where H(p) = —plogp — (1 — p)log(1l — p) is the binary entropy such that 0 <
H(p) <L

Lemma [I] makes the connection clear. Since the elements in the decision set which
correspond to the random decision the algorithm makes are i.i.d., equation [3] gives us
the expected KC for such a string. The following is a simple corollary of that.

Corollary 1. Let X, ¥, f, P} defined as before. Let D denote the expected decision set.
K(D) >r(f)

Proof. The decision set D can be decomposed into two subsets: let D' = {d|P}
(d) # 0.5} and D*® = {d|P}(d) = 0.5}. Clearly, K(D|f) = K(D°®) + O(1)
(equation M and a simple loop can generate, given f the subset D'). But, following
lemmal[ll K(D%%) = |D%5|- H(0.5) + o(|D%?|) = r(f) - 1 + o(r(f)). Which gives:
K(D) =z K(D|f) > r(f) 0

In order to understand the implication of this lemma, consider the expected hardness
of a needle-in-a-haystack (NIAH). The NIAH describes a landscape in which all the
points in the search space have the same fitness except the global optimum which has a
higher one. It is known to be a very difficult problem.

For a search space of size n let fycecqie denote the NIAH and Py the corresponding
information content. The average description length of fyccqie (and therefore of Py as
well) is O(logn). The high compressibility of the function in contrast to its known
hardness is usually given as a counterexample to the use of Kolmogorov complexity as
a measure of problem difficulty [1]].

This apparent contradiction can be resolved by considering the algorithm perspective
of the NIAH landscape. The algorithm does not see a flat landscape. At each time step
it has to make a concrete decision, namely to decide which solution to sample next.
It therefore has to “interpret” the flat landscape to a landscape which contains concrete
information. In other words, it selects uniformly, at random D € ID and selects solutions
accordingly.

Following the previous lemma consider the Kolmogorov complexity of the expected
decision set vs. the fitness function:

K(Dneedle) > T(fneedle) = 2((71_1).(71_2))/2 > logn
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This illustrates the magnitude of difference between the current approach to calculate
the Kolmogorov complexity of a landscapes and the one suggested in this paper. The
NIAH, however, is an extreme example. Generally, moving from low entropy (H (f) =
0) to maximum entropy (H (f) = |¥|) we should obtain many intermediate values.

5 Information and the Sharpened NFLT

In the previous section we showed that K (Dy) > H(f), where Dy is the expected de-
cision set, given the function f. Interestingly, H (f) depends on the fitness distribution
of f alone. This allows us to make an important observation regarding the sharpened
NFLT [7]]. In the following we give a brief summary of the sharpened NFLT and then
show how it is connected with our results.

Let f : X — Y be a function and ¢ : X — X be a permutation (i.e., o is one-
to-one and onto). The permutation o f of f is the function of : X — Y defined by
of(z) = flo™ (z)).

Define a set F' of functions to be closed under permutation if for every f € F,
every permutation of f is also in F'. Schumacher, Vose and Whitley [7] proved that the
permutation closure of a single function is the finest level of granularity at which a NFL
result can hold.

English [4]] named each set F', a block. A distribution which is uniform within each
block is called block uniform. The space of all possible problems can be divided into
blocks. A block uniform distribution is necessary and sufficient for NFLT in search.

Each block (i.e., a set F') can be associated with a particular value of entropy. For

each f € ', H(f) is:
H(f) = Ei(‘fZ) (©)

Equation [6] counts all possible pairs of solutions which have the same fitness. It
follows that the entropy depends solely on the fitness distribution of f. Since the per-
mutation operator does not affect the fitness distribution of a function, all the functions
which belong to F' have the same fitness distribution and, therefore, the same entropy,
this proves the following result:

Theorem 2. Let F' be a set of functions which is c.u.p. Vi ger H(f) = H(g). We
denote the entropy of F, H(F) = H(f | f € F)

5.1 A Qualitative Plot of the Expected Hardness of a Problem

Let F' be c.u.p. defined over the metric space (X, d). In this section we would like to an-
alyze how the variance of expected performances changes for different values of H (F).
Let us start with H(F) ~ |¥/|. It follows from corollary[[that Ve p K (D) > |¥], this
corresponds to a random function and hence, all the functions in the set are expected
to be very difficult to optimize. The variance, however, is expected to be very low —
irrespectively of the algorithm, the expected performance on any function is expected
to be the same, that of a random search.
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Fig. 2. The variance of expected performance as a function of the entropy. Each rectangle rep-
resents a block uniform on which a NFL result holds. The space of all possible problems is the
union of all blocks. Each block is associated with a particular entropy. (A) represents a block
with minimal entropy and maximum variance, (C) maximum entropy and no variance (B) is in
between.

On the other hand, for H(F') ~ 0 we do not have any bound on the performance.
We can choose, for example, a function f; such that K (Dy, ) is minimal. The low KC
suggests that there exists an algorithm, a, which is the best possible algorithm to solve
f. This implies that f is expected to be very easy to a, the question arises, though, as
to how well the same algorithm performs on other functions from F'. It is important to
remember that KC gives an indication to the best performance that a realistic algorithm
can have over one, specific function. It does not tell us how well the same algorithm
may perform on other functions. From the sharpened NFLTs on the other hand, we
know that for each problem (e.g., f1) on which an algorithm (e.g., a) performs better
than random search there exists another problem (e.g., f2), in the same set, on which
it performs as badly. It is easy to construct two functions fi, fo € F5 such that one is
expected to be very easy and the other very hard. For example, let:

filz) ==
f(x)_{n—kl if z =0,
S (z) =

T otherwise

We showed that for H(F') = |¥| the variance of possible performance values is
small, and, on the other hand, for H(F) = 0 the variance is high. More generally,
moving from H(F) = 0 to H(F) = |¥| the variance becomes smaller and smaller.
The reason for that is derived directly from the NFLTs. An algorithm is expected to
perform well on a problem (better than random search) only if it is aligned with the
problem. The same algorithm, in that case, is misaligned with another problem and,
therefore, is expected to perform badly (i.e., worse than a random search), to the same
extent. The entropy H (f) can be thought of as measuring how unbiased an algorithm
is. The higher H(f) the more random decisions the algorithm makes, the less bias it
will be.
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To summarize, corollary [[lshows that K (D) > H(f): the entropy of a function is
a lower bound to its expected KC. TheoremP]associates each group of functions which
is c.u.p with a particular entropy. Thus, each group of functions for which the NFLTs
hold, are associated with a certain value of entropy which gives a bound on the expected
performance of any algorithm when solving members of that group.

So, on one hand, given the entropy we have a qualitative boundary on the perfor-
mance of the most efficient algorithm on the easiest landscape. On the other hand, from
the sharpened NFLT we know that if the algorithm performs well on one problem there
exists another problem on which it performs as badly. Combining these two aspects we
can give a qualitative plot of the expected performance of the best algorithm over all
possible problems w.r.t. their entropy. This is illustrated in figure 2l

6 Conclusion

This paper has provided a connection between information theory, Kolmogorov com-
plexity and the study of optimization algorithms. The information content of a fitness
function was defined, its expected effect on performance was analyzed and a novel way
to compute the KC of a fitness function was introduced. This has led to new obser-
vations regarding the sharpened NFLTs: we proved that each closure can be associated
with a particular entropy which implies bounds on its Kolmogorov complexity and con-
sequently, expected difficulty. In order to make some of these connections we had to
limit our attention to particular kind of algorithms (section[3.1). In future research, we
plan to generalize our results.
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Abstract. A novel negative selection algorithm, namely r[]-NSA, is proposed in
this paper, which uses an array to store multiple partial matching lengths for
each detector. Every bit of one detector is assigned a partial matching length.
As for a detector, the partial matching length of one bit means that one string is
asserted to be matched by the detector, if and only if the number of the maximal
continuous identical bits between them from the position of the bit to the end of
strings is no less than the partial matching length, and the continuous identical
bits should start from the position of the bit. The detector generation algorithm
and detection algorithm of r[]-NSA are given. Experimental results showed that
r[]-NSA has better detector generation efficiency and detection performance
than traditional negative selection algorithm.

1 Introduction

Artificial Immune System (AIS) is an emergent bio-inspired research field [1-3].
Negative Selection Algorithm (NSA) is an algorithm based on the negative selection
mechanism in the course of T-Cells maturation in biological immune system [4],
which has been used for anomaly detection and other applications [1-3, 5-8]. The
matching rule, the detector generation algorithm and the detection algorithm are the
most important components of NSA [4, 8-9].

This paper is concerned with a novel detector structure and the detector generation
and detection algorithms. In this paper, a detector has an array of partial matching
lengths, while not just one partial matching length as previous NSAs. Namely, every
bit of one detector is assigned a partial matching length. The partial matching length
of one bit means that one string is asserted to be matched by the detector, if and only
if the number of the maximal continuous identical bits between them from the posi-
tion of the bit to the end of strings is no less than the partial matching length, and the
continuous identical bits should start from the position of the bit. For convenience, we
call such kind of detectors as r[]-detector. According to such kind of detector struc-
ture, a novel negative selection algorithm, namely the r[]-NSA algorithm, is proposed
with the corresponding detector generation algorithm and detection algorithm.

T.P. Runarsson et al. (Eds.): PPSN IX, LNCS 4193, pp. 1 12— 2006.
© Springer-Verlag Berlin Heidelberg 2006
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2 r[]-NSA

2.1 Detector Structure of r[]-NSA

The r[]-NSA is presented in binary string space in this paper. The “r-continuous-bits”
matching rule is adopted here. However, in r[]-NSA, a detector no longer has only
one partial matching length, but has multiple partial matching thresholds that can be
saved in an array with the corresponding detector.

For convenience, r[]-detector is used to denote the detector of r[]-NSA. Fig. 1
shows the difference between r[]-detector and traditional detector.

1=5
Self set: 00111, 00110
Candidate detectors: 11100, 01110

Traditional detector of NSA (r=3): 11100
r[]-detector: 11100 r[5]={1,1,2, 1,0}
r[]-detector: 01110 r[5]={2,1,0,0,0}

Fig. 1. The difference between r[]-detector and traditional detector. The detailed algorithm for
generating r[]-detectors will be given in section 2.2.

In Fig. 1, the string length / is 5, the self set is {00111, 00110}. The candidate de-
tectors are {11100, 01110}. As an example, we used r=3 for “r-continuous-bits” par-
tial matching rule in traditional negative selection algorithm [4]. If the premature
detector is {11100, 01110}, “11100” is a mature detector after negative selection,
while “01110” is deleted because it matches the self string “00110”. However, as for
r[]-NSA, both “11100” and “01110” are valid detectors.

As for the r[]-detector “11100”, r[1]=1 means that if one string is matched by the
detector “11100” at the first bit, the string is an anomaly string. Similarly, r[3]=2
means that if one string is matched by the detector “11100” at both the third bit and
the fourth bit, the string is an anomaly string. Especially, r[5]=0, this means that no
valid matching needs to be done starting from this position. Furthermore, Fig. 2
shows the configuration of a matching length array of the 5-bit r[]-detector “11100”.

1 1 1 0 0
- N - P ——
rl1]=1 r[(2]=1 r[3]=2 r[4]=1 r[5]=0

Fig. 2. The partial matching length array of the r[]-detector “11100”. The string length and the
self set are listed in Fig. 1.

Fig. 3 is used to further illustrate how to use the detectors. The parameters, the self
set and the detector set are the same as those listed in Fig. 1.

In Fig. 3, as for the string “11101”, NSA asserts that it is an anomaly one because
the detector “11100” matches its first three bits. However, r[]-NSA asserts that it is
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String to be detected NSA r[]-NSA
11101 11100 11100
00100 11100 11100
01001 - 11100 or 01110
01110 - 11100 or 01110

00110 (Self string) - -

Fig. 3. How the detectors are used in NSA and r[]-NSA. The bits underlined mean the matching
bits between the detector and the string to be detected.

an anomaly one because the detector “11100” matches its first bit. As for the string
“00100”, NSA asserts that it is an anomaly because the string “00100” is matched by
the detector “11100” at the last three bits, while r[]-NSA asserts that it is an anomaly
because the string “00100” is matched by the detector “11100” at both the third bit
and the fourth bit. For other two strings “01001” and “01110”, NSA can not assert
that they are anomaly ones with the detector set of {11100}. However, r[]-NSA can
do it. As for the self string “00110”, both NSA and r[]-NSA do not generate false
alarms.

2.2 Detector Generation Algorithm

The detector generation algorithm for r[]-NSA is listed in Fig. 4. In Fig. 4, the length
of a bit-string is denoted by /, and ie[1,1], r[] represents the array with elements of

the partial matching lengths.

(1) Define the self set S.
(2) Generate a candidate detector d randomly.
(3) Perform the matching process between d and all self strings in S.

(3.1) For the first self string s, r[i] represents the number of maximal con-
tinuous identical bits between d and s from the ith bit to the end of string, and the
continuous identical bits should start from the ith bit.

(3.2) For other self strings, r;[i] represents the number of maximal continu-

ous identical bits between d and the self bit-string from the ith bit to the end of
string, and the continuous identical bits should start from the ith bit. If r[i]l< r[i],
then rli]=rl[i].

(3.3) If r[1] =1, go to step (2).

(3.4) Forifrom/to1,if rli]=1—i+1,let rli]=—1.

(3.5) Forifrom!/to 1, r[i] = r[i]+1.
(4) Add (d, r[]) to the detector set. Go to step (2) if the number of detectors is not
enough.

Fig. 4. The detector generation algorithm for r[]-NSA. Only the candidate string that com-
pletely matches one self string will be discarded at step (3.3). Therefore, every non-self string
could be a valid detector.
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To analyze the time complexity and space complexity of the detector generation
algorithm of r[]-NSA, some symbols used are given as follows.

I: The string length.

Ngo: The number of the candidate detectors (namely the immature detectors).

Npg: The number of detectors.

Ng: The size of the self set.

According to above detector generation algorithm, every string that is not in the
self set could be a detector. Therefore,

N
Ng =NR0(1—2—ZS) . (1)

To generate Ny detectors, the number of candidate detectors needed is

2]
2l NG
S

NROZNR (2)

For any candidate detector, the time complexities of both step (3.1) and step (3.2)
are O(l) . In fact, the expected total number of bit comparisons in step (3.1) is 2/. It is
also 2/ in step (3.2). The time complexities of both step (3.4) and step (3.5) are also
O(l) . Therefore, the time complexity for generating Ny detectors is

l
——Ng D) . 3)
2 - Ny

O(Ng

Every detector needs an array with size of / to store the partial matching lengths for
each bit of the detector. The space cost for generating Ny detectors is:

O(Ngl) . “)

2.3 Detection Algorithm

According to above detection algorithm, the time cost of the detection algorithm is
O(Np -1). The detection algorithm needs a temporary array with size of [ to store the

t: string to be detected; R: the detector set
(1) For any detector d in the detector set R
(1.1) Forifrom1to!l

(1.1.D) If r[i]==0, go to (1).

(1.1.2) Calculate r[i]. r,[i] means the number of the maximal continuous
identical bits between ¢ and d from the ith bit to the end of string, and the continuous
identical bits should start from the position of the bit.

(1.1.3) If 1[i1>r[i], an anomaly change has been detected.

Fig. 5. The detection algorithm for r[]-NSA
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number of the continuous matching bits between ¢ and d. Therefore, the space cost of
the detection algorithm is O(/) .

3 Experiments and Analyses

The r[]-NSA is compared with the traditional NSA in this paper. The binary string
length [ is 10, and then the size of global string space O is 1024. The parameter u,
which denotes the proportion of the self set among the global string space O, namely

u= NS/ZI , is set to {0.05, 0.15, 0.25, 0.35, 0.45, 0.55, 0.65, 0.75, 0.85, 0.95} re-

spectively to observe the changes of the results against it.

The “r-continuous-bits” matching rule is adopted here and the partial matching
length r of traditional NSA is fixed to 9.

The self set of every independent run is generated randomly, and is identical for
both r[]-NSA and traditional NSA.

There are two parameters taken to make the comparisons, Ng and P, Where N is
the number of mature detectors. In an independent run, it is assumed that FN is the
number of non-self strings missed (i.e. undetected), and TP is the number of non-self

strings detected as non-self. And then P, = F, %N +TP [4].

3.1 Comparisons on Nz and P When N Is Fixed

In experiments, the size of initial immature detector set is fixed to 300. The results
take the average values over 20 independent runs for every value of the parameter u.

Table 1. Comparisons on Ng between r[]-NSA and traditional NSA when N, is fixed

Nk
r[]-NSA NSA
u Experimental Theoretical Experimental Theoretical
0.05 285.70 (9.87) 285.06 258.70 (20.87) 258.31
0.15 254.75 (4.94) 254.88 183.85 (7.49) 190.94
0.25 227.15 (5.99) 225.00 128.15 (6.75) 141.55
0.35 193.30 (6.43) 195.12 81.90 (7.09) 104.94
0.45 163.50 (7.24) 164.94 51.10 (6.81) 77.57
0.55 134.00 (5.42) 135.06 26.45 (6.14) 57.51
0.65 106.55 (6.24) 104.88 14.10 3.11) 42.51
0.75 76.15 (6.30) 75.00 4.90 (2.59) 31.52
0.85 46.50 (4.85) 45.12 1.40 (1.23) 23.36
0.95 15.55 (4.35) 14.94 0.05 (0.22) 17.27

Both the experimental values and theoretical values of Ny are given in Table 1,
where the standard deviations of experimental values are in the parenthesizes. Ac-
cording to the experimental values in Table 1, it is obvious that the sizes of the detec-
tor sets of r[]-NSA are lager than those of traditional NSA. Therefore, the detector
generation efficiency of r[]-NSA is much better than traditional NSA.
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The theoretical values of r[]-NSA in Table 1 is calculated according to equation (1)
in section 2. The theoretical values of traditional NSA are computed by the methods
provided in reference [4]. Theoretically, with fixed Ng,, the number of detectors line-
arly decreases as Ny increases for r[]-NSA. However, with fixed Ngg,, the number of
detectors exponentially decreases as Ny increases for traditional NSA [4, 9]. It is note
that the assumption, in reference [4], that the detectors are independent is not entirely
valid as Ny and P,, increase [4, 9] (P,, is the probability of a match between two ran-
dom strings). This is also verified by the experimental values in Table 1. When u is
large, the experimental values of traditional NSA are much smaller than the theoreti-
cal values. However, as for r[]-NSA, its experimental values are always almost equal
to the theoretical values.

____________________________________________________ —o— fFNSA |-
- — NSA |-

a 0.1 02 03 0.4 0.4a 08 07 0s8 09 1

Fig. 6. Comparisons on P, between 1[]-NSA and traditional NSA

Fig. 6 shows the comparisons on P, between two algorithms when N is fixed (the
numbers of detectors are shown in Table 1). It is shown that the values of P, of r[]-
NSA are clearly lower than those of traditional NSA when N, is fixed.

3.2 Estimate Py After Ny Detectors Are Generated

In this subsection, some experiments are done to show how to estimate Py after some
detectors are generated. Firstly, a method for estimating Py of r[]-NSA is given.

As for a detector d with an array r[], the probability that one string can be matched
by d is denoted by P,,. Assume the array of r[] has z non-zero elements, and these 7

non-zero elements are denoted by r, ,r, ,r, ,---,r, . Therefore, we have
1 2 3 T

1 1 1
Iisg 2 I<izj<w Y ISimjzk<w Qi ik
1

o AT AT AT
2 12 *r

&)

— (-DF

Obviously, we assume that all these probabilities of one string being matched at
X{,Xy,X3,-*+, X, positions are independent.
When the self set is absolutely very large, one detector is prone to matching only

one string, and then P, = 1/ 2! When the self set is not very large, we have
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1 1
r - Z ro+r, (6)

Iizj<m

Py= >,
I<i<m 2
Let the size of the detector set R is Ng, and the P, is the probability that one

string can be matched by the ith detector. Assume that every detector is independent
because every candidate detector is generated randomly. Therefore,

P, =|la-pr,) .
! H ’ ™

Py : the expected value.
(1) Initialize Py ;e =1.

(2) Repeat
(2.1) Generate a detector d according to the algorithm in Fig. 4.
(2.2) Add d to the detector set R.
(2.2) Compute P, ofd.
(23) let Pf_temp = Pf_temp (I—Pm) .

(3) Until Pf_temp < Pf .

Fig. 7. Estimate Pf of r[J-NSA after some detectors are generated

When the expected Py of 1[]-NSA is given, the pseudo-codes in Fig. 7 show how to
generate enough detectors for the expected P,[16].

(1) count=0.

(2) Generate the self set S randomly.

(3) Predefine the expected value of Pf .

(3) Generate the detector set R according to the algorithm in Fig. 7.

(4) For every string in global string space but not in the self set
(4.1) If this string can be detected by the detector set R, then counter= counter+1.

(5) Set the real values of Py as count/(Zl -Ng).

Fig. 8. Verify the real Pf of r[]-NSA after the estimated number of detectors are generated

The experimental procedure is given Fig. 8. By generating enough detectors for the
expected Pyaccording to the method given in Fig. 7, the pseudo-codes in Fig. 8 is also
used to verify the real values of Py.

Table 2 gave the results when the expected value of P,is 0.1. And Table 3 gave the
results when the expected value of Pis 0.05. All results are the average values of 100
independent runs. And the standard deviations are in the parenthesizes.
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In Table 2 and Table 3, as for r[]-NSA, “N;” means the size of the detector set that
generated according to the algorithm in Fig. 7, “Ps (real)” means the real value of Py
that is calculated according to the algorithm in Fig. 8. As for traditional NSA, “Ng
(theoretical)” means the theoretical value that is computed according to the equation
(2) in reference [9], while “Ng (experiment)” means the real number of the detectors
that traditional NSA really can be generated. Because traditional NSA could not gen-
erate sufficient number of detectors, the values of “Ny (experiment)” are smaller than
the theoretical values when u is larger.

Table 2. Comparisons between r[]-NSA and traditional NSA when P;is fixed to 0.1

r[]-NSA NSA
u Nr Py (real) Nk (theoretical) Ng (Experiment) Py (real)
0.05 |30.32 (4.75) 0.31881 (0.04734) |785 785 (0) 0.02282 (0.00682)
0.15 |121.51 (12.41)  0.27654 (0.02677) |785 626.12 (9.33) 0.05954 (0.00720)
0.25 (241.99 (21.18)  0.19909 (0.02644) |785 431.4(11.29) 0.15630 (0.01192)
0.35 |381.33 (29.51) 0.11482 (0.02125) |785 280.59 (11.46) 0.28119 (0.01583)
0.45 |538.53 (26.46)  0.00950 (0.01191) |785 169.12 (12.44)  0.42892 (0.02233)
0.55 (461 (0) 0 (0) 785 92.07 (9.20) 0.57456 (0.02767)
0.65 (358 (0) 0(0) 785 43.67 (7.74) 0.72277 (0.03626)
0.75 256 (0) 0(0) 785 15.78 (4.45) 0.84383 (0.03496)
0.85 |154 (0) 0(0) 785 3.22(1.98) 0.94247 (0.03275)
0.95 |51 (0) 0(0) 785 0.12 (0.38) 0.99294 (0.02256)

Table 3. Comparisons between r[]-NSA and traditional NSA when P is fixed to 0.05

r[]-NSA NSA
u Ng Py (real) Np (theoretical)  Ni (Experiment) Py (real)
0.05 |39.88 (6.23) 0.25239 (0.04693) 1021 878.69 (3.23) 0.00762 (0.00321)
0.15 |160.97 (16.45) 0.20786 (0.02758) |1021 625.84 (9.83) 0.05986 (0.00697)
0.25 |314.58 (25.28) 0.13773 (0.02188) |1021 429.81 (11.93) 0.15512 (0.01305)
0.35 1496.79 (34.16)  0.05165 (0.01600) |1021 279.67 (10.86) 0.28353 (0.01447)
0.45 1563 (0) 0(0) 1021 170.51 (10.86) 0.42393 (0.02442)
0.55 461 (0) 0(0) 1021 92.71 (9.84) 0.57508 (0.02829)
0.65 |358 (0) 0(0) 1021 44.70 (7.29) 0.71704 (0.02781)
0.75 256 (0) 0(0) 1021 16.40 (4.78) 0.84219 (0.03505)
0.85 |154 (0) 0(0) 1021 3.40(2.15) 0.93844 (0.03435)
0.95 |51 (0) 0(0) 1021 0.13 (0.56) 0.99392 (0.02080)

As shown in Table 2 and Table 3, as for r[]-NSA, when u>0.25, the real values of
Py are almost equal or smaller than the expected values of P,. Therefore, the algorithm
in Fig. 7 can be used to estimate the number of detectors. However, when u<0.25, the
real values of P,is larger than the expected values. This is because the detectors of r[]-
NSA is not entirely independent when u is smaller. Since the r[]-NSA has better per-
formance to generate valid detectors than traditional NSA as shown in subsection 3.1,
this problem can be easily avoided by adding more detectors.

As for traditional NSA, the results are not very ideal when u>0.25. The real values
of Pare much higher than the expected values.
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4 Related Works and Discussions

Negative Selection Algorithm (NSA) is presented by S. Forrest and her colleagues [4,
8], and is mainly applied as a change detection algorithm in artificial immune sys-
tems. P. D’haeseleer and S. Forrest presented a greedy algorithm that attempts to
reduce the size of the detector set and maximize the coverage areas of the detector set
when “r-continuous-bits” matching rule is adopted, and proposed an approach to
counting the number of holes [10]. Wierzcho also analyzed the negative selection
algorithm with the r-contiguous bits matching rule in [14-15]. Z. Ji and D. Dasgupata
proposed an augmented NSA with variable-coverage detectors for real-valued space
[11-12]. In their works, other than having one unique partial matching threshold for
all the detectors, every detector can have an appropriate matching threshold different
from others. By this way, the coverage of different detectors can be different, and the
number of holes is reduced at a certain extent. Their works mainly describes the ex-
periments of variable-sized detectors in real-valued space. And effects of the two
main control parameters, the self radius and expected coverage, are discussed and
experimentally tested [11-12]. In addition, Z. Heng et al. proposed an r-adjustable
NSA, and their works focused on the binary string space [13].

Anyway, in all current works, one detector has only one partial matching length. In
this paper, a novel r[]-NSA is proposed, in which a detector no longer has just one
matching threshold, but has multiple thresholds that can be saved in an array with the
corresponding detector. By this way, the coverage of a detector can be improved, and
the survivability of an immature detector is improved, i.e., the efficiency of detector
generation is improved, which has been proved by the experiments.

5 Conclusions

A novel negative selection algorithm, namely r[]-NSA, is proposed in this paper. This
novel algorithm can improve the efficiency of detector generation greatly. The per-
formance of this new algorithm has been proved and verified by the experiments. The
candidate detector of r[]-NSA is generated randomly in this paper. In the future, a
more efficient detector generation algorithm for r[]-NSA needs to be designed to
maximize the coverage of a detector set with a certain number of detectors. And the
r[]-NSA for a higher dimensionality and real world problems will be studied.
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Abstract. This paper analyzes the hierarchical Bayesian optimization
algorithm (hBOA) on the problem of finding ground states of Ising spin
glasses with +J couplings in two and three dimensions. The perfor-
mance of hBOA is compared to that of the simple genetic algorithm
(GA) and the univariate marginal distribution algorithm (UMDA). The
performance of all tested algorithms is improved by incorporating a de-
terministic hill climber (DHC) based on single-bit flips and cluster exact
approximation (CEA). The results show that hBOA significantly out-
performs GA and UMDA with both types of local search and that CEA
enables all tested algorithms to solve larger spin-glass instances than
DHC. Using advanced hybrid methods created by combining competent
genetic and evolutionary algorithms with advanced local searchers thus
proves advantageous in this challenging class of problems.

1 Introduction

Ising spin glasses are prototypical models for disordered systems and have played
a central role in statistical physics during the last three decades [T23/4]. Exam-
ples of experimental realizations of spin glasses are metals with magnetic impu-
rities, e.g. gold with a small fraction of iron added. Spin glasses represent also
a rich class of challenging problems for optimization algorithms [5I6[7] where
the task is to minimize energy of a given spin-glass instance [SIQITOTTIIT2UTS].
States with the lowest energy are called ground states and thus the problem of
minimizing the energy of spin-glass instances can be formulated as the problem
of finding ground states of these instances. There are two main challenges that
must be tackled to find ground states of spin glasses efficiently and reliably:
(1) There are many local optima in the energy landscape (the number of local
optima may grow exponentially with problem size). (2) The local minima are
often surrounded by high-energy configurations, which make it difficult for lo-
cal operators to escape the local optimum once they get trapped in it. That is
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why even state-of-the-art Markov chain Monte Carlo (MCMC) methods require
exponential time to locate ground states [14].

This paper analyzes the hierarchical Bayesian optimization algorithm
(hBOA) [I5I16] on a broad spectrum of instances of the problem of finding
ground states of Ising spin glasses with +J couplings and periodic boundary
conditions. The performance of hBOA is compared to that of the simple genetic
algorithm (GA) and the univariate marginal distribution algorithm (UMDA).
We build on the prior work [12] where we combined several evolutionary al-
gorithms with the deterministic hill climber to solve various classes of 2D and
3D spin glasses. However, here we consider also cluster exact approximation
(CEA) [I7], which provides an efficient method to perform large updates of spin
glass configurations to decrease their energy. CEA is incorporated into hBOA
and GA, and the resulting hybrids are tested on a number of spin-glass prob-
lem instances. CEA is shown to significantly improve performance of all tested
algorithms, allowing a practical solution of much larger problems than DHC.

The paper is organized as follows. Section 2] describes the problem of finding
ground states of Ising spin glasses. Section [3 outlines the algorithms hBOA, GA
and UMDA; additionally, the section describes the deterministic hill climber and
cluster exact approximation, which are incorporated into all tested algorithms
to improve their performance. Section [ presents and discusses experiments.
Finally, Section Bl summarizes and concludes the paper.

2 Ising Spin Glass

A very simple model to describe a finite-dimensional Ising spin glass is typically
arranged on a regular 2D or 3D grid where each node ¢ corresponds to a spin s;
and each edge (i, j) corresponds to a coupling between two spins s; and s;. Each
edge has a real value associated with it that defines the relationship between
the two connected spins. To approximate the behavior of the large-scale system,
periodic boundary conditions are often used that introduce a coupling between
the first and the last element along each dimension.

For the classical Ising model, each spin s; can be in one of two states: s; =
+1 or s; = —1. Note that this simplification corresponds to highly anisotropic
systems, which do indeed exist in some experimental situations. Nevertheless,
the two-state Ising model comprises all basic effects also found in models with
more degrees of freedom. A specific set of coupling constants defines a spin-glass
instance. Each possible setting of all spins is called a spin configuration.

Given a set of coupling constants J; ;, and a spin configuration C' = {s;} (i =

1,...,n), the energy can be computed as
E(C) = Z SiJi)ij s (].)
(4,5)

where the sum runs over all couplings (i, j).
Given a set of coupling constants, the usual task in statistical physics is to
integrate a known function over all possible configurations of spins, assuming
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the Boltzmann distribution of spin configurations; that means, the probability
of each configuration C' is proportional to exp (—FE(C)/T) where E(C) is energy
of C' and T is the temperature. From the physics point of view, it is also inter-
esting to know the ground states (configurations associated with the minimum
possible energy). Finding extremal energies then corresponds to sampling the
Boltzmann distribution with temperature approaching 0 and thus the problem
of finding ground states is simpler a priori than integration over a wide range of
temperatures. However, most of the conventional methods based on sampling the
above Boltzmann distribution, such as the flat-histogram Markov chain Monte
Carlo [18], fail to find the ground states because they get often trapped in a local
minimum [T4].

In order to obtain a quantitative understanding of the disorder in a spin glass
system introduced by the random spin-spin couplings, one generally analyzes a
large set of random spin-glass instances for a given distribution of the spin-spin
couplings. For each spin glass instance, the optimization algorithm is applied
and the results are analyzed to obtain a measure of computational complexity.
Here we consider the £J spin glass, where each spin-spin coupling constant is
set randomly to either +1 or —1 with equal probability.

3 Compared Algorithms

This section outlines the algorithms compared in this paper: (1) The hierarchical
Bayesian optimization algorithm (hBOA), (2) the genetic algorithm (GA), and
(3) the univariate marginal distribution algorithm (UMDA). hBOA and UMDA
are estimation of distribution algorithms (EDAs) [T9/20/21], where standard vari-
ation operators are replaced by building and sampling probabilistic models. The
section also describes the deterministic hill climber (DHC) and cluster exact
approximation (CEA), which are used to improve performance of compared al-
gorithms. Candidate solutions are represented by n-bit binary strings where each
bit specifies the value of one of the n spins (0 represents state —1 and 1 represents
state +1).

3.1 Hierarchical Bayesian Optimization Algorithm (hBOA)

The hierarchical Bayesian optimization algorithm (hBOA) [I5/16] evolves a pop-
ulation of candidate solutions. The population is initially generated at random
according to a uniform distribution over all n-bit strings. Each iteration starts by
selecting a population of promising solutions using any common selection method
of genetic and evolutionary algorithms, such as tournament and truncation selec-
tion; we use binary tournament selection. New solutions are generated by build-
ing a Bayesian network with decision trees [22I23] for the selected solutions and
sampling the built Bayesian network. To ensure useful diversity maintenance,
the new candidate solutions are incorporated into the original population us-
ing restricted tournament replacement (RTR) [24]. The run is terminated when
termination criteria are met.
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3.2 Genetic Algorithm (GA)

The genetic algorithm (GA) [2526] also evolves a population of candidate so-
lutions starting with a population generated at random. Each iteration starts
by selecting promising solutions from the current population. New solutions are
created by applying variation operators to the population of selected solutions.
Specifically, crossover is used to exchange bits and pieces between pairs of can-
didate solutions and mutation is used to perturb the resulting solutions. Here
we use one-point crossover and bit-flip mutation. The new candidate solutions
are incorporated into the original population using RTR. The run is terminated
when termination criteria are met.

3.3 Univariate Marginal Distribution Algorithm (UMDA)

The univariate marginal distribution algorithm (UMDA) [19] also evolves a pop-
ulation of candidate solutions represented by binary strings, starting with a ran-
dom population. Each iteration starts by selection. Then, the probability vector
is learned that stores the proportion of 1s in each position of the selected popu-
lation. Each bit of a new candidate solution is then set to 1 with the probability
equal to the proportion of 1s in this position; otherwise, the bit is set to 0. Con-
sequently, the variation operator of UMDA preserves the proportions of 1s in
each position while decorrelating different string positions. The new candidate
solutions are incorporated into the original population using RTR. The run is
terminated when termination criteria are met.

The only difference between hBOA and the UMDA variant discussed in this
paper is the type of the probabilistic model used to model promising candidate
solutions and generate the new ones. The comparison between hBOA and UMDA
should therefore indicate whether in this problem domain effective exploration
necessitates complex probabilistic models that can efficiently encode large-order
interactions between spins, as it is the case for hBOA. For analogical reasons,
the comparison between hBOA and GA will indicate whether it is important to
use advanced variation operators that adapt to the problem like in hBOA.

3.4 Deterministic Hill Climber

Like in previous work [12], we incorporate a deterministic hill climber (DHC) into
hBOA, GA and UMDA to improve their performance. DHC takes a candidate
solution represented by an n-bit binary string on input. Then, it performs one-
bit changes on the solution that lead to the maximum improvement of solution
quality (maximum decrease in energy). DHC is terminated when no single-bit
flip improves solution quality and the solution is thus locally optimal. Here, DHC
is used to improve every solution in the population before the evaluation is per-
formed. The hybrids created by incorporating DHC into hBOA, GA and UMDA
are referred to as hBOA+DHC, GA+DHC and UMDA+DHC, respectively.

3.5 Cluster Exact Approximation (CEA)

Due to the complex structure of the energy landscape of spin glasses, many
local minima exist, which have energies very close to the ground-state energy.
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Usually these minima differ from the true ground states by flips of large domains.
Hence, as already mentioned, the minima are surrounded by high energy barriers
from the viewpoint of single-spin-flip dynamics. This leads to poor performance
of algorithms that apply single-bit (spin) changes as DHC. For this reason, we
also consider cluster exact approzimation (CEA) [17], which provides an efficient
method that can change many spins at the same time optimally (assuming that
the remaining spins remain fixed).

CEA starts by constructing a non-frustrated cluster of spins; a non-frustrated
cluster contains spins that can be set to some values without breaking any inter-
actions between them. The selected cluster is first transformed so that all inter-
actions become ferromagnetic (negative coupling). All spins outside the cluster
are fixed and treated as local magnetic fields. All cluster spins are computed
leading to an optimal spin configuration with respect to the non-cluster spins,
which remain fixed. The computation can be performed in polynomial time us-
ing graph-theoretical methods [27128]: an equivalent network is constructed [29],
the maximum flow is calculated [30/3T] and the spins of the cluster are set to
orientations leading to a minimum in energy.

The CEA update step ensures that the spins in the cluster minimize energy
assuming that the remaining (non-cluster) spins remain fixed to their current
values. Each CEA iteration either decreases the energy or the energy remains
the same, which is the case when all cluster spins have been already set to their
optimal values. In this work, we use CEA to improve all obtained candidate
solutions and we repeat the CEA update step until the update fails to decrease
the energy for a predefined number of iterations; specifically, the bound on the
number of failures is y/n for 2D spin glasses and it is ¢/ for 3D spin glasses.

4 Experiments

This section presents and discusses experimental results.

4.1 Tested Spin-Glass Instances

Both 2D and 3D Ising spin-glass instances with +J couplings and periodic
boundary conditions were considered. To analyze scalability, for 2D spin glasses,
instances of size 6 x 6 (36 spins) to 50 x 50 (2500 spins) have been considered;
1000 random instances have been generated for each problem size. For 3D spin
glasses, instances of size 4 x 4 x 4 (64 spins) to 10x 10 x 10 (1000 spins) have been
considered. In the experiments on 3D spin glasses without CEA, only 8 random
instances have been generated for each problem size because of the increased
computational resources required to solve the 3D instances; for CEA-based al-
gorithms, 1000 random instances were used for each problem size.

4.2 Description of Experiments

All compared algorithms use binary tournament selection to select promising
solutions. As a replacement strategy, RTR is used where the window size w is
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set to the number of bits in solution strings but it is always ensured to be at
most 5% of the population size, w = min(n, N/20). GA+DHC and GA+CEA
use one-point, crossover with the probability of crossover p. = 0.6 and bit-flip
mutation with the probability of flipping each bit p,, = 1/n.

For each problem instance, bisection is run to determine the minimum pop-
ulation size to ensure convergence in 5 independent runs (out of 5 runs total).
Each run is terminated either when the algorithm has found the optimum or
when the algorithm has failed to find the optimum for a large number of itera-
tions. The optimum for most 2D instances was verified with the branch-and-cut
algorithm provided at the Spin-Glass Ground State Server at the University
of Koln [32]. The remaining 2D instances with ground states were obtained
from S. Sabhapandit and S. N. Coppersmith from the University of Wisconsin
who identified the ground states using flat-histogram Markov chain Monte Carlo
simulations [I4]. All 3D instances with their ground states were obtained from
previous simulations of one of the authors [10].

The upper bound on the number of iterations (generations) is determined by
combining convergence theory [3334] with empirical results so that the num-
ber of iterations is sufficiently large for all tests. In general, the bound on the
number of iterations for GA4+DHC is larger than that for hBOA+DHC and
UMDA+DHC because of the slower mixing with one-point crossover [35].

The performance of hLBOA+DHC, GA+DHC and UMDA+DHC is measured
by the number of evaluated spin glass configurations until the optimum has been
found. Since one update step of CEA is usually more computationally expensive
than the entire evaluation of a spin configuration [36], the time complexity of
hBOA+CEA and GA+4CEA is measured by the number of iterations of CEA as
opposed to the number of evaluations.

4.3 Results

Figure [[h compares the performance of hBOA+DHC, UMDA+DHC and
GA+DHC on 2D +J spin glasses with periodic boundary conditions. The re-
sults indicate that the number of evaluations for hBOA+DHC grows with a
low-order polynomial of problem size, specifically, it is bounded by O(n'-%3).
Furthermore, the results show that hBOA significantly outperforms GA+DHC
and UMDA+DHC. The worst performance is achieved by UMDA-+DHC, the
time complexity of which grows faster than polynomially. Recall that for spin
glasses, one-point crossover performs relatively well because one-point crossover
rarely breaks important interactions between spins due to the used representa-
tion. Nonetheless, this behavior cannot be generalized to other similar slowly
equilibrating problems that exhibit different energy landscapes, such as protein
folding or polymer dynamics.

For 2D Ising spin glasses, a polynomial algorithm [37)38] with complexity
O(n3?) exists that computes the number of states at each energy level, in-
cluding the ground state. It was shown [39] that on 2D +J Ising spin glasses,
hBOA+DHC achieves asymptotic performance of the polynomial algorithm
without any prior knowledge about spin glasses.
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Fig. 1. Performance of hBOA+DHC, UMDA+DHC, and GA+DHC on random 2D
and 3D +J Ising spin glasses

Figure [Ib shows the performance of hBOA+DHC on 3D +J spin glasses.
Since both GA+DHC and UMDA+DHC have not been capable of solving most
3D instances even with enormous computational resources, we only include the
results for hBOA+DHC. The results show that the performance of h(BOA+DHC
appears to grow exponentially fast. This behavior is expected because the prob-
lem of finding ground states of 3D spin glasses is NP-complete [40]. However,
we see that hBOA+DHC is still capable of solving instances of several hundreds
spins, which are intractable with most standard optimization algorithms, such
as genetic algorithms and simulated annealing.

Figure Zh shows the performance of hBOA+CEA and GA+CEA on 2D Ising
spin glasses with +J couplings. The results indicate that hBOA+CEA signif-
icantly outperforms GA+CEA and thus hBOA retains superior performance
even with CEA. The results also show that incorporating CEA leads to a some-
what faster asymptotic growth of time complexity with problem size; on the
other hand, the use of CEA provides a significant decrease of running time
for the tested range of problems and, consequently, much larger problem sizes
can be treated currently as compared to hBOA+DHC. Nonetheless, based on
these results, it can be hypothesized that hBOA+DHC will become faster than
hBOA+CEA for much larger spin-glass instances. It is also important to note
that the size of spin glass instances solved in this paper is orders of magnitude
larger than the size of problems solved by other EDAs [41142J43|12].

Figure Zb shows the performance of h(BOA+CEA and GA+CEA on 3D Ising
spin glasses with +.J couplings. The results indicate that the performance of
both algorithms grows faster than polynomially even with the use of CEA as is
expected from the NP-completeness of this problem. However, CEA improves the
performance of GA significantly and makes the difficult 3D instances tractable
even with GA. Nonetheless, hBOA+CEA still retains superior performance,
yielding several times fewer evaluations than GA+CEA.
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Fig. 2. Performance of hBOA+CEA and GA+CEA on +J Ising spin glasses

5 Summary and Conclusions

This paper tested the hierarchical Bayesian optimization algorithm (hBOA),
the simple genetic algorithm (GA) and the univariate marginal distribution
algorithm (UMDA) on a large number of instances of the problem of finding
ground states of Ising spin glasses with random couplings in two and three dimen-
sions. All algorithms were hybridized by using either a simple deterministic hill
climber (DHC) or the cluster exact approximation (CEA). The results showed
that hBOA significantly outperforms all other compared methods in all cases
and that CEA allows all algorithms to solve much larger instances than DHC.
The results presented in this paper thus confirm that using hierarchical decom-
position for solving difficult optimization problems with little problem-specific
knowledge holds a big promise and that advanced estimation of distribution al-
gorithms offer a robust and scalable class of optimization algorithms applicable
to important classes of difficult problems.
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Abstract. Important factors for the easy usage of an Evolutionary Algorithm
(EA) are numbers of fitness calculations as low as possible, its robustness, and
the reduction of its strategy parameters as far as possible. Multimeme Algo-
rithms (MMA) are good candidates for the first two properties. In this paper a
cost-benefit-based approach shall be introduced for the adaptive control of both
meme selection and the ratio between local and global search. The latter is
achieved by adaptively adjusting the intensity of the search of the memes and
the frequency of their usage. It will be shown in which way the proposed kind
of adaptation fills the gap previous work leaves. Detailed experiments in the
field of continuous parameter optimisation demonstrate the superiority of the
adaptive MMA over the simple MA and the pure EA.

1 Introduction

Wide application of Evolutionary Algorithms (EA) to real-world problems presently
is being prevented by two major obstacles: by the variety of strategy parameters, the
appropriate adjustment of which may be crucial to success, and by the large number
of evaluations required. The latter is of relevance in particular when the individual
evaluation requires a high expenditure, because it is based on e.g. a simulation run.
For the EA to become a standard tool of the engineer, a significant reduction of rele-
vant strategy parameters is as necessary as a reduction of fitness calculations.
Concerning EA strategy parameters like mutation rates and crossover parameters, a
lot of research effort has been taken successfully, see [1, 2] and [3] for a survey. The
large number of evaluations is caused by the property of EA of being strong in dis-
covering interesting regions of a given search space (exploration), but unfortunately
weak in finding the precise optimum (exploitation) due to their lacking exploitation of
local information. This is why most applications of EAs to real-world problems use
some sort of hybridisation with other procedures and techniques, such as local search-
ers (LS) or heuristics, see [4-9, 12-15, 19-24]. These add-ons frequently introduce
some sort of domain-specific knowledge in the until then generally applicable EA and
change it into a domain-specific tool. This is the usually paid price for the speed-up
achieved. In [6] and [7] it was shown for parameter optimisation that this drawback
can be overcome by using application-independent local searchers. The resulting hy-
brid combines the global nature of the search and the convergence reliability of the
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EA with a decrease of the evaluations required to reach a given solution by factors of
up to 100 compared to the pure EA.

Hybridisation can be done in the following ways: by improving all or a fraction of
the start population [8], by improving all or some offspring [5], by some sort of post-
optimisation of the EA results [9], or by combinations thereof. This was investigated
and compared in detail in [6] and [7], and an important result is that offspring im-
provement works best and that all strategy parameters and the choice of an appropri-
ate local searcher are application-dependent. This paper will focus on offspring im-
provement, a kind of hybridisation which is also known as Memetic Algorithm (MA)
[10]. This term was introduced by Moscato [11] and the idea is to imitate the effect of
learning and social interaction during the life span of an individual by some kind of
(local) improvement mechanisms (memes) applied to the offspring created by the
common operators of an EA.

The aim of the work presented here is to find a mechanism for the adaptive control
of as many strategy parameters of an MA for continuous parameter optimisation as
possible. The cost-benefit-based approach proposed for adaptation controls both
meme selection and the intensity of their work, and thus the balance between global
and local search. The procedure can be applied to all population-based EAs, and it is
desirable, but not necessary to have more than one offspring per mating.

In section 2 the approach will be compared to other adaptive MAs and it will be
shown in which way it fills the gap previous work leaves. The approach will be de-
scribed in detail in section 3, while the results of in-depth experiments using five test
functions and two real-world problems shall be presented in section 4. The paper will
be concluded by a summary and an outlook in section 5.

2 Related Work

For MAs an appropriate choice of the local search method employed has a major im-
pact on the search performance, as shown for example by Hart [12], Krasnogor [13],
Ong [14], and our own results [6, 7]. As it is usually not known a priori which LS per-
forms best or at least well, multimeme EAs (MMA) were introduced by Krasnogor
and Smith [15] and applied to two bioinformatics problems [13]. The difference to
“simple MAs” (MAs with one meme and without any adaptation will be referred to as
simple MA (SMA)) is that multimeme EAs do not employ one complex or sophisti-
cated LS, but a set of more or less simple LSs. From this set, it is selected adaptively
which one is to be used for different individuals in the course of evolution. Another
big step in this direction is Krasnogor’s “Self-Generating Memetic Algorithm” which
is able to create its own local searchers and to co-evolve their behaviours as required
to successfully solve a given problem [13]. Here, the classification of adaptation
given in [16] shall be used: “Adaptive dynamic adaptation takes place if there is some
form of feedback from the EA that is used to determine the direction and magnitude
of the change to the strategy parameters.” In the case of self-adaptation, “the parame-
ters to be adapted are encoded onto the chromosome(s) of the individual and undergo
mutation and recombination.”

On addition to LS selection, the distribution of computing resources between local
and global search is another important issue. It is usually controlled by the intensity of
the local search and the fraction of offspring, to which the LS is applied, see e.g. [12].
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Furthermore, it must be decided, whether this partitioning shall be static or change
during the progress of search. Goldberg and Voessner [17] presented a first analysis
on a system level, where two scenarios were investigated: the attempt to obtain a
specified solution quality in a minimum time or the goal of achieving the best possi-
ble solution quality in a given time. This work was continued by Sinha, Chen, and
Goldberg [18], but is still “based on a number of assumptions which may require in-
formation unavailable in practice”, as the authors stated themselves.

In Table 1 a classification of the different approaches to adaptive MAs as to how
and what is adaptively controlled is presented together with the researchers, who in-
troduced and investigated them in detail (publications on single problems or aspects
of MAs are omitted here). Furthermore, it is indicated whether a given quality or time
frame limits the run of the particular MA and whether it was applied mainly to com-
binatorial or parameter optimisation. The table also shows how the work reported here
complements previous research in this area. In addition to the table the work of Hart
[12] and Lozano et al. [19] must be mentioned here. They experimented with different
local search intensities and showed that the best number of iterations is application-
dependent. From this it can be concluded that it should be adjusted adaptively.

Table 1. Classification of different adaptive MAs

Adaptive Dynamic Adaptation Self-adaptation
Meme selection Ong.& Keane [14] Jakob et al. Kras.nogor, Smith [13, 15, 23]
quality, param. opt. _(7,22]  |quality, comb. and param. op.
Intensity of the search| Zitzler et al. [20,21]  quality, pa-
of the meme(s) time, comb. opt. ram. opt.

The cost-benefit-based adaptation scheme used by Ong and Keane [14] is close to
that used here and it was obviously developed in parallel (cf. [7] and [22]), but it is
used for meme selection only. The number of allowed evaluations per LS run is fixed
to 100, which means that local search is stopped before convergence in many cases
[14]. Ong and Keane investigated two kinds of selection mechanisms for a set of nine
different LSs and found that their approach performed closely to the best SMA. This
is a great advantage, as the decision which meme to use can now be left to the adapta-
tion without any danger of a relevant performance lost. While Ong and Kane concen-
trate on the selection of an LS, the work presented here focuses more on the intensity
of an LS run. Hence, both complement each other.

The approach by Zitzler et al. [20] is based on a fixed time budget. They use pa-
rameterised local searchers, where the amount of iterations and, thus, accuracy can be
controlled. They start with low accuracy and increase it according to a given schedule
comparable to simulated annealing. In a later and enhanced version Bambha et al.
[21] replace the fixed schedules by dynamic ones which take the observed increase of
solution quality produced by the LS into account. Still, their framework is based on a
fixed time budget. Their detailed investigation demonstrates the superiority of adapta-
tion of the intensity of local search over SMAs, where the number of iterations of the
LS is fixed and usually set high for achieving a good accuracy [21]. We share the idea
of adaptively increasing the precision of the local search in the course of evolution.
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The main difference is the fixed time frame, upon which their algorithm is con-
structed. Especially for new problems, only rough estimates of the time required to at
least get a feasible solution may be obtained. Despite the fact that there are applica-
tions where adhering to a fixed time frame is essential, we think that a more general
approach which attempts to yield the best within the shortest possible time, also has
its significance.

The motivation for using an external mechanism for adaptation rather than self-
adaptation, as it is done by Krasnogor and Smith [13, 15, 23, 24] and others, is as
follows: self-adaptation has proved its suitability when e.g. applied to control the mu-
tation rate as it is the case with the ES. This works well, because only fitness im-
provements play a role, as the cost for a mutation is independent of the chosen step
size. The choice of different LSs, however, implies different numbers of evaluations
(costs), unless they are stopped uniformly. These costs should be taken into account.
Therefore, an external control mechanism, such as the cost-benefit-based adaptation
introduced, is required. Another argument is that the self-adaptation of strategy pa-
rameters of the evolutionary mechanism is somewhat different from self-adapting the
control parameters of an additional algorithm like an LS. Krasnogor et al. [24] state:
“The rationale is to propagate local searchers (i.e. memes) that are associated with fit
individuals, as those individuals were probably improved by their respective memes.”
Or they were improved by recent evolution! This cannot be concluded from the fit-
ness value alone, because the fitness sums up the fitness coming from evolution and
that originated from local search. Despite the success reported by the authors of co-
evolution, we think that these are arguments in favour of the investigation of the cost-
benefit-based approach introduced.

3 Concept of Cost-Benefit-Based Adaptation

The adaptive mechanism is based on the fitness gain obtained by local search and the
effort spent that is measured in evaluations. This mechanism is described for the case
of scheduling local searchers. Initially, all LSs have the same probability of being se-
lected. The relative fitness gain rfg and the required evaluations eval are summed up.
A normalised fitness function in the range of 0 and f,,,, is used, which turns every task
into a maximisation problem. The relative fitness gain is the ratio between the
achieved fitness improvement and the possible one, as shown in (1), where f; is the
fitness obtained by the LS and f,,, the fitness of the offspring as produced by the evo-
lution. The probabilities of applying the local searchers are adjusted, if either each LS
was used at minimum usage,,;, times or there have been matings,,,, matings in total
since the last adjustment. The new relation between the local searchers LS1, .., LSn is
calculated as shown in (1).

The sums are reset to zero after the adjustment, such that the adaptation is faster. If
the probability for one LS is worse than P,,;, for three consecutive alterations, it is ig-
nored from then on. To avoid premature deactivation, the probability is set to P,,;, for
the first time it drops below P,,;,. For the experiments P,,;, was set to 0.1.

fLS _fevo ergzLSI . . z’fg_j,LSn

= 1
fmax “Jevo zevali>L51 T ZevaZIsLS’l W

rfg =
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This approach can be extended easily for strategy parameters to be adapted like the
maximum permissible iterations of an LS. For each parameter, a set of levels is de-
fined corresponding to appropriate values like iteration limits or termination thresh-
olds. In contrast to the selection of LSs, however, where all LSs have a certain chance
of being selected unless they prove their infeasibility, only three consecutive levels
are allowed to be active here (i.e. to have a probability p greater than zero) at the same
time. Initially, a likeliness of 0.5 is assigned to the lowest level, 0.3 to the next one,
and 0.2 to the last one, ensuring that the search will start coarsely. If the lowest or
highest active level is given a probability of more than 0.5, the next lower or higher,
respectively, is added. The level at the opposite end is dropped and its likeliness is
added to its neighbour. The new level is given a probability equal to 20% from the
sum of the probabilities of the other two levels. This causes a move of three consecu-
tive levels along the scale of possible ones according to their performance determined
by the achieved fitness gain and the required evaluations. To ensure mobility in both
directions none of the three active levels may have a probability below 0.1. An exam-
ple of a movement of the active levels is shown in Fig. 1.

For EAs that create more than one offspring per mating, such as the one used here,
a choice must be made between locally optimising the best (called best-improvement)
or a fraction of up to all
of these offspring (called

Level 2 | Level 3 | Level 4 | Level 5 |Level 6 all-improvement). This is
*|p=0 [p=015|p=025/p=06 |p=0 |- controlled adaptively in
v=200|v=350 |[v=500 |v=750 |v=1000| : the following way: the

best offspring always un-
dergoes LS improvement
and for its siblings the
chance of being treated
by the LS is adaptively
adjusted as described be-

Level 2 | Level 3 | Level 4 | Level 5 |Level 6
. p:O p=0 p=04 p=06 p:O aen
v=200|v=350 |v=500 |v=750 [v=1000

Level 2 | Level 3 | Level 4 | Level 5 |Level 6 fore, with the following
-p=0 p=0 p=032|p=048|p=02 [+ peculiarities. After hav-
v=200|v=350 [v=500 [v=750 [v=1000| ing processed all selected

offspring, f;s is estimated
as the fitness of the best
locally improved child
and f,,, as that of the best
offspring from pure evo-
lution.

Fig. 1. Three phases of a level movement. p denotes the prob-
ability of the levels and v the associated strategy parameter
value, which is just an illustrating example here. Active levels
are marked by a grey background.

4 Experiments

Due to the lack of space, the basic algorithms used for the experiments shall be de-
scribed briefly only and the interested reader is referred to the given literature. Suit-
able local search algorithms must be derivative-free and able to handle restrictions in
order to preserve the general applicability of the resulting MA. The Complex and
the Rosenbrock algorithm, two well-known procedures from the sixties, were
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chosen, since they meet these requirements and are known to be powerful local search
procedures. The Rosenbrock algorithm is a modified coordinate strategy that uses a
rotating coordinate system which points in the direction that appears to be most favor-
able. The Complex procedure is a polyhedron strategy using expansion, reflection,
and contraction for improving the polyhedron. The implementation is based on
Schwefel [25], who gives a detailed description of both algorithms together with ex-
perimental results. Hereinafter, the algorithms are abbreviated by R and C.

The EA used is GLEAM (General Learning Evolutionary Algorithm and Method)
[26], an EA of its own that combines elements from Evolution Strategy (ES) and real-
coded Genetic Algorithms with data structuring concepts from computer science. The
coding is based on chromosomes consisting of problem-configurable gene types. The
definition of a gene type constitutes its set of real, integer or Boolean parameters
together with their ranges of values. There are different rules for constructing chro-
mosomes from gene types covering the range of pure parameter and combinatorial
optimisation including chromosomes of variable length. Based on the gene type defi-
nitions a set of standard genetic operators is defined. This provides users with a flexi-
ble mechanism for naturally mapping their problem to the chromosomes and genes,
often resulting in genotypes from which phenotypic properties can be derived easily.
Among others, GLEAM contains mutation operators influenced by the ES insofar, as
small parameter changes are more likely than greater ones. GLEAM uses ranking-
based selection, elitist offspring acceptance, and a structured population based on a
neighbourhood model [27], that causes an adaptive balance between exploration and
exploitation and avoids premature convergence. This is achieved by maintaining
niches within the population for a longer period of time and thus, sustains diversity.
Hence, GLEAM can be regarded a more powerful EA compared to simple ones,
which makes it harder to gain improvement by adding local search. On the other
hand, if an improvement can be achieved by adding and applying memes adaptively,
then at least the same advantage if not better can be expected by using a simpler EA.

These procedures were integrated and the resulting hybrid GLEAM (HyGLEAM)
covers all kinds of hybridisation mentioned in the first section. Detailed investigations
of the SMA included in HyGLEAM showed that Lamarckian evolution, where the
chromosomes are updated according to the LS improvement, performs better than
without updates [6, 7, 22]. The danger of premature convergence, which was ob-
served by other researchers, is avoided by the neighbourhood model used [26, 27].

Adaptive HyGLEAM controls meme selection and four strategy parameters con-
trolling the intensity of local search (thg, limitg, and limitc) and the frequency of
meme application (all_impr) as shown in Table 2. thy is a termination threshold value
of the Rosenbrock procedure, while limitg and limitc margin the LS iterations. In case

Table 2. Adaptively controlled strategy parameters of the Multimeme Algorithm (MMA)

Strategy parameter | Values used for the experiments

thy 10", 107,107, 10%, 10, 10°, 107, 10°, 10”

limity, limitc 100, 200, 350, 500, 750, 1000, 1250, 1500, 1750, 2000
all-impr 0,0.2,0.4,0.6,0.8,1.0
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of all-improvement (see also section 3), the probability of the siblings of the best
offspring being treated by a meme is denoted all_impr.

4.1 Strategy Parameters of the Adaptation Scheme

First experiments and thorough observations of the adaptation process have led to the
insight that adaptation should be allowed to develop differently for dissimilar fitness
levels. The experiments were carried out with three parameterisations for the fitness
levels and three different adaptation speeds (see also section 3), as shown in Tables 3
and 4. Together with the choice between best- and all-improvement, this results in
three new strategy parameters, and a crucial question related to the experiments is,
whether they can be set to common values without any relevant loss of performance.

Tables 3 and 4. Strategy parameters of the adaptive Multimeme Algorithm (AMMA)

Fitness| Fitness Ranges Adaptation| Meme Selection | Parameter Adaptation
Levels |in % of fia Speed USAZe iy | MATINGS oy | USAZE, iy | MALINGS
fll |40 70 100| |fast 3 15 3 12
f12 |35 65 85 100| |medium 5 20 4 15
f13 |30557590100| |slow 8 30 7 25

4.2 Test Cases

Appropriate test cases must be representative of real-world applications, their calcula-
tion must be comparatively fast for statistical investigations, and the exact or an ac-
ceptable solution must be known. We used five test functions taken from GENEsY's
[28] and two real-world problems, see Table 5. Due to the lack of space they are de-
scribed very briefly only, and the interested reader is referred to the given literature
and to [6, 7, 22]. We used rotated versions of Shekel’s Foxholes and the Rastrigin
function in order to make them harder, see [7, 22]. The scheduling task is solved
largely by assigning start times to the production batches.

Table 5. Important properties of the test cases used. fi are the function numbers of [28].

Test Case Para- |Modality | Implicit Range |Target
meter Restrict. Value

Schwefel’s Sphere[28, f1] 30 real| unimodal no |[-10" 10"7]0.01
Shekel’s Foxholes [28, f5] 2 real | multimodal no [-500, 500] 10.998004
Gen. Rastrigin f. [28, f7] 5 real | multimodal no [-5.12, 5.12]]0.0001
Fletcher & Powell f. [28, f16] |5 real |multimodal| no |[-3.14, 3.14]|0.00001
Fractal f. [28, f13] 20 real| multimodal no [-5, 5] -0.05
Design optimisation [29] 3real |multimodal| no

Scheduling + resource opt.[30]| 87 int. | multimodal| yes
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4.3 Experimental Results

The comparisons were based on one hundred runs per job (an algorithm together with
a setting of its strategy parameters). The effort was measured by the average number
of evaluations needed for success, i.e. reaching the target value of Table 5 or a given
solution quality in case of the real-world problems. Only jobs where all runs were
successful were taken into account for comparison to ensure high convergence reli-
ability. The different jobs were evaluated by the improvement in effort achieved com-
pared with the best hand-tuned GLEAM job. Table 6 shows the results for the best
jobs of the basic EA GLEAM, the two simple MAs SMA-R (thy, best/all) and SMA-
C (best/all) using the Rosenbrock or the Complex procedure respectively, and two
parameterisations of the adaptive Multimeme Algorithm (AMMA): best AMMA (ad-
aptation speed, fitness levels, best/all) and recommended AMMA (see next section).
The hand-tuned strategy parameters are given in brackets except for the population
size W, which was always tuned.

Table 6 shows that the effort required could be reduced massively when using the
appropriate SMA or the AMMA and that the choice of a suitable LS for the SMA is
application-dependent. Based on a detailed statistical analysis of the results, the fol-
lowing best setting of the strategy parameters of the AMMA (cf. Tables 3 and 4) can
be given: all-improvement, fitness level fl1, and slow adaptation speed. On the aver-
age, the best jobs of this recommended AMMA reach 83% of the observed effort re-
duction of the best hand-tuned AMMA. The differences between best and recom-
mended AMMA are not significant for the scheduling and the design optimisation
task. Thus, the recommended AMMA performs only a little worse for three test cases:
sphere, Fletcher’s, and fractal function. The great span of population sizes from 5 to
11,200 used with the basic EA GLEAM could be reduced to a range between 5 and
90, which simplifies the estimation of the appropriate value for that last remaining
strategy parameter. Fig. 2 illustrates the improvements obtained. For a correct inter-
pretation of the outstanding results reached with one of the two SMAs for three test
cases, it must be considered that they all require careful and cumbersome tuning and
that it is some sort of peak-shaped optimum in the case of the scheduling task. Fur-
thermore, both AMMA parameterisations yield better results than the best SMA in
case of Shekel’s foxholes, the Rastrigin, and the fractal function.

Table 6. Effort (evaluations) for best hand-tuned basic EA GLEAM, two SMAs, best AMMA
and recommended AMMA and their best population sizes L. “-*“ indicates no success.

Test Basic EA GLEAM| SMA-R SMA-C Best AMMA |Rec. AMMA
Case m eval.| p| eval| p eval | u eval. | u eval.
Sphere 51 278,102| 10| 2,518 -1 5 9,316 5| 18,718
Fletcher 600| 483,566| 10| 13,535| 5 4,684|10| 11,808 | 5| 14,449
Sched. 1,80015,376,334| 5| 69,448 -1301(235,410(20(257,951

Foxholes| 350( 103,192| 30| 10,710 20 8,831|20| 6,209(20| 6,209
Rastrigin| 11,200|3,518,702| 70 (315,715 |1503,882,531 |90 | 265,892 |90 {265,892
Fractal 20| 195,129| 5| 30,626| 10|1,065,986| 5| 20,753| 5| 28,644
Design 210 5,773 10| 4,222| 5 1,04110] 1,201| 5| 1,440




140 W. Jakob

= -
o N
-4 =3 o

improvement compared to basic EA
(<2}
o

40 Sphere
Fletcher
Scheduling
20 Foxholes
Rastrigin

Fractal
Design

AMMA: adaptive
Multimeme Algorithm

SMA-

SMA: simple
Memetic Algorithm

R sma-c

- recom
AMMA AMMA

Fig. 2. Comparison of the best SMA and AMMA jobs. Em-
pty fields indicate an insufficient success rate (below 100%),
while flat fields denote the fulfilling of the optimisation task,
but with greater effort than the basic EA. The given im-
provements are the ratio between the means of the evalua-
tions of the basic EA and the compared algorithm.

5 Conclusions and
Outlook

We introduced a cost-
benefit-based adaptation for
both meme selection and in-
tensity and frequency of
meme usage, which defines
the balance between global
and local search. It was
shown how this approach
fits into the gap previous
work in the field left open.
Finally, a common parame-
terisation of the adaptive
Multimeme Algorithm sug-
gested was developed, which
requires only one strategy
parameter to be adjusted, the
population size. For this, it is
recommended to start with a
value of 20 or more for
problems that are assumed to
be very complex.

As the proposed adapta-

tion scheme can be applied to any other EA, it is hoped to meet the engineer’s needs for
an easy-to-apply EA for the task on hand. As the results are based on five test functions
and two real-world app-lications, they should be verified by further applications or test
cases. The addition of more local searchers and improvements of the adaptation mecha-

nism are also interesting fields of further research.
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Abstract. Following the introduction of two miching methods within
Evolution Strategies (ES), which have been presented recently and have
been successfully applied to theoretical high-dimensional test functions,
as well as to a real-life high-dimensional physics problem, the purpose of
this study is to address the so-called niche radius problem.

A new concept of adaptive individual niche radius, introduced here
for the first time, is applied to the ES Niching with Covariance Matrix
Adaptation (CMA) method. The proposed method is described in detail,
and then tested on high-dimensional theoretical test functions.

It is shown to be robust and to achieve satisfying results.

1 Introduction

Evolutionary Algorithms (EAs) have the tendency to converge quickly into a
single solution [II2)3], i.e. all the individuals of the artificial population evolve
to become nearly identical. Given a problem with multiple solutions, the tra-
ditional EAs will locate a single solution. This is the desired result for many
complex tasks, but a problem arises when multimodal domains are considered
and multiple optima are required. For instance, consider an optimization prob-
lem for a high-dimensional real-world application, which requires the location
of highly-fit multiple solutions with high diversity among them - a result which
a sequential multiple-restart algorithm doesn’t aim for. Niching methods, the
extension of EAs to multi-modal optimization, address this problem by main-
taining the diversity of certain properties within the population - and this way
they allow parallel convergence into multiple good solutions. Up to date, niching
methods have been studied mainly within the field of Genetic Algorithms (GAs).
The research in this direction has yielded various successful methods which have
been shown to find multiple solutions efficiently [I], but naturally were limited to
low-dimensional real-valued problems. Evolution Strategies (ES) are a canonical
EA for real-valued function optimization, due to their straightforward encoding,

T.P. Runarsson et al. (Eds.): PPSN IX, LNCS 4193, pp. 142-[I51] 2006.
© Springer-Verlag Berlin Heidelberg 2006



Niche Radius Adaptation in the CMA-ES Niching Algorithm 143

their specific variation operators, the self-adaptation of their mutation distribu-
tion as well as to their high performance in this domain in comparison with other
methods on benchmark problems. The higher the dimensionality of the search
space, the more suitable a task becomes for an ES (see, e.g. [3], pp. 149-159).
Two ES niching methods have been proposed lately [4l5]. Upon their successful
application to high-dimensional theoretical functions, those methods were suc-
cessfully applied to a real-world high-dimensional physics problem, namely the
optimization of dynamic molecular alignment by shaped laser pulses [6]. In that
application, the niching technique was shown to be clearly qualitatively infe-
rior with respect to multiple restart runs with a single population, for locating
highly-fit unique optima which had not been obtained otherwise.

\J ‘M‘ Mlm

Fig.1.S, n=2 Fig.2. V, n=2

The ES niching methods, as the majority of the GA niching methods, hold
an assumption concerning the fitness landscape, stating that the peaks are far
enough from one another with respect to some threshold distance, called the
niche radius, which is estimated for the given problem and remains fixed during
the course of evolution. Obviously, there are landscapes for which this assump-
tion isn’t applicable, and where those niching methods are most likely to fail (for
example see Fig. [[l 2)). There were several GA-oriented studies which addressed
this so-called niche radius problem, aiming to drop this assumption, such as the
cooling-based UEGO [7] or the clustering-based DNC [8]. A more theoretical
study of a clustering-based niching can be found in [9]. Moreover, an iterative
statistical-based approach was introduced lately [10] for learning an optimal
niche radius (without relaxing the fitness landscape assumption).

Our proposed method introduces a new concept to the niche radius problem,
inspired by the ES self-adaptation concept - an adaptive individual niche
radius. The idea is that each individual carries and adapts a niche radius along
with its adaptive strategy parameters. This method is an “adaptive extension”
to the CMA-ES dynamic niching algorithm [5], as will be explained.

The remainder of the paper is organized as follows: In section 2 we introduce
the background for the various components of our proposed algorithm. Section 3
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introduces our proposed algorithm. In section 4 the test functions as well as
the methodology for the performance study are outlined, where the numerical
results are presented and analyzed in section 5. Section 6 provides summary and
conclusion.

2 From Fitness Sharing to the CMA-ES Niching Method

2.1 Fitness Sharing

The fitness sharing approach [T1] was the pioneering GA niching method. Its idea
is to consider the fitness as a shared resource and by that to aim to decrease
redundancy in the population. Given the similarity metric of the population,
which can be genotype or phenotype based, the sharing function is given by:

dis \*" i g
shidi;) = {1 — (%) "y <o (1)

0 otherwise

where d;; is the distance between individuals ¢ and j, p (traditionally noted as
osn) is the fixed radius of every niche, and ayp, is a control parameter, usually
set to 1. Using the sharing function, the niche count is then defined as follows:

N

m; =Y sh(dj) (2)

j=1
Given an individual’s raw fitness f;, the shared fitness is then defined by:

fi
m;

foh =
?

2.2 Dynamic Niche Sharing

The dynamic niche sharing method [I2], which succeeded the fitness sharing
method, aims to dynamically recognize the ¢ peaks of the forming niches, and
with this information to classify the individuals as either members of one of the
niches, or as members of the “non-peaks domain”. Explicitly, let us introduce
the dynamic niche count:

dun N if individuali is within dynamic niche j
my¥t =< . o (4)
i m;  otherwise (non-peak individual)

where n; is the size of the jth dynamic niche, and m; is the standard niche
count, as defined in Eq. 2l The shared fitness is then defined respectively:

i — o)

The identification of the dynamic niches can be done in the greedy approach, as
proposed in [12] as the Dynamic Peak Identification (DPI) algorithm.
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2.3 Dynamic Niching in Evolution Strategies

The ES dynamic niching algorithm [4] was introduced recently as a niching
method for the Evolution Strategies framework. The inspiration for this algo-
rithm was given by various niching algorithms from the GA field, and in partic-
ular by the fitness sharing [11] and its dynamic extension [12], as well as by the
crowding concept [I3]. The basic idea of the algorithm is to dynamically identify
the various fitness-peaks of every generation that define the niches, classify all
the individuals into those niches, and apply a mating restriction scheme which
allows competitive mating only within the niches: in order to prevent genetic
drift, every niche can produce the same number of offspring, following a fized
mating resources concept.
For more details we refer the reader to [14].

2.4 Dynamic Niching with Covariance Matrix Adaptation ES

The dynamic niching with CMA-ES algorithm [5] was the successor of the ES
dynamic niching algorithm, where the CMA replaces the mutative step-size con-
trol. We provide here a short overview of the CMA-ES method, followed by a
description of the algorithm.

The (1, A\)-CMA-ES: A Brief Overview. The covariance matriz adaptation
evolution strategy [15], is a variant of ES that has been successful for treating
correlations among object variables. This method tackles the critical element of
Evolution Strategies, the adaptation of the mutation parameters. We provide
here a short description of the principal elements of the (1, \)-CMA-ES.

The fundamental property of this method is the exploitation of information
obtained from previous successful mutation operations. Given an initial search
point ¥, X offspring are sampled from it by applying the mutation operator.
The best search point out of those A offspring is chosen to become the parent of
the next generation.

Explicitly, the action of the mutation operator for generating the A samples
of search points in generation g + 1 is defined as follows:

I N (:v,(cg),a(g)rzc(g)) , E=1,..,\ (6)

where N (m, C) denotes a normally distributed random vector with mean m
and covariance matrix C. The matrix C, the crucial element of this process,
is initialized as the wunity matriz and is learned during the course of evolution,
based on cumulative information of successful mutations (the so-called evolution
path). The global step size, o9 is based on information from the principal
component analysis of C9) (the so-called “conjugate” evolution path). We omit
most of the details and refer the reader to Hansen and Ostermeier [15].

Dynamic Niching with CMA. The algorithm uses the (1, A\)-CMA ES as its
evolutionary core mechanism. A brief description of the algorithm follows. Given
q, the estimated/expected number of peaks, ¢ + p “CMA-sets” are initialized,
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where a CMA-set is defined as the collection of all the dynamic variables of the
CMA algorithm which uniquely define the search at a given point of time. Such
dynamic variables are the current search point, the covariance matrix, the step
size, as well as other auxiliary parameters. At every point in time the algorithm
stores exactly ¢ + p CMA-sets, which are associated with ¢ + p search points:
q for the peaks and p for the “non-peaks domain”. The (¢ + 1)**...(q¢ + p)**
CMA-sets are individuals which are randomly re-generated in every generation
as potential candidates for niche formation. Until stopping criteria are met, the
following procedure takes place. Each search point samples A offspring, based
on its evolving CMA-set. After the fitness evaluation of the new A - (¢ + p)
individuals, the classification into niches of the entire population is done using
the DPI algorithm, and the peaks become the new search points. Their CM A-sets
are inherited from their parents and updated according to the CMA method.

2.5 The Niche Radius Problem

The traditional formula for the niche radius for phenotypic sharing in GAs was
derived by Deb and Goldberg [I6]. By following the trivial analogy and consid-
ering the decision parameters as the decoded parameter space of the GA, the
same formula was applied to the ES niching methods. It is important to note
that this formula depends on ¢, the expected/desired number of peaks in the
solution space:

(7)

where given lower and upper boundary values zx min, Tk,maz of each coordinate
in the decision parameters space, r is defined asr = %\/2221 (Tk,maz — Thymin)2-
For the complete derivation see, e.g., [G].

Hence, by applying this niche radius approach, two assumptions are held:

1. The expected/desired number of peaks, ¢, is given or can be estimated.
2. All peaks are at least in distance 2p from each other, where p is the
fixed radius of every niche.

3 The Proposed Algorithm: Niche Radius Adaptation
in the CMA-ES Niching Algorithm

Our new algorithm tackles the niche radius problem, in particular the assumption
regarding the fitness landscape: it introduces the concept of an individual niche
radius which adapts during the course of evolution. The idea is to couple the niche
radius to the global step size o, whereas the indirect selection of the niche radius
is applied through the demand for A individuals per niche. This is implemented
through a quasi dynamic fitness sharing mechanism.

The CMA-ES Niching method is used as outlined earlier (Sec. [Z4]), with the
following modifications. ¢ is given as an input to the algorithm, but it’s now
merely a prediction or a demand for the number of solutions, with no effect on
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the nature of the search. A niche radius is initialized for each individual in the
population, noted as p?. The update step of the niche radius of individual i in
generation g + 1 is based on the parent’s radius and on its step-size:

+1 +1 +1 +1
pi] = (1 - Ci‘] ) ' pfmrent + Ci‘] ' O-garent (8)
where ¢ is the individual learning coefficient, which is updated according to the
delta of the step size o:

Cg+1 = % : (1 — exXp {a : A0f+1}> Ao—ingl = Jg;rlent - Jgarent (9)

This profile is chosen in order to keep the learning coefficient close to % for big
changes in the global step size, but make it exponentially approach 0 as the global
step size vanishes, i.e. convergence is achieved. The parameter a determines
the nature of this profile, and it seems to become problem dependent for some
landscapes (a discussion concerning this parameter will follow).

The DPI algorithm is run using the individual niche radii, for the identi-
fication of the peaks and the classification of the population.
Furthermore, introduce:

(A —a)’

gz, \N)=1+60(A—2z)- 3

+O@x—N-(A—=z)? (10)
where O (y) is the Heaviside step function. Given a fixed A, g (z, A) is a parabola
with unequal branches, centered at (x = A, g = 1). An explanation will follow.
Then, by applying the calculation of the dynamic niche count m?y" (Eq. @),
based on the appropriate radii, we define the niche fitness of individual i by:

fiche _ g(me)\) (1)

The selection of the next parent in each niche is based on this niche fitness.
Eq. [Tl enforces the requirement for having a fixed resource of A individuals per
niche, since g (z, \) obtains values greater than 1 for any niche count different
than A. The anti-symmetry of g (z, A) is therefore meant to penalize more the
niches which exceeded A members, in comparison to those with less than A
members. This equation is a variant of the dynamic shared fitness (Eq. (), and
is used now in the context of niche radius adaptation.
A single generation of the method is summarized as Algorithm [II

4 Test Functions and Experimental Procedure

Table [[l summarizes the unconstrained multimodal test functions [SJBIT7ITSY], as
well as their initialization intervals. Some of the functions have a symmetric or
equal distribution of optima (A, £, B, M, G), and some do not (F, V, §). Some
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Algorithm 1. (1, A)-CMA-ES Dynamic Niching with Adaptive Niche Radius

for all ¢ = 1..q + p search points
Generate A samples based on the CMA distribution of 1%
Update the niche radius pf+l according to Eq.Bl
endfor
Evaluate Fitness of the population.
Compute the Dynamic Peak Set of the population using the DPI, based on individual radii
Compute the Dynamic Niche Count (Eq.Hd) of every individual
for every given peak of the dynamic-peak-set do:
Compute the Niche Fitness (Eq. [
Set indiv. with best niche fitness as a search point of the next generation
Inherit the CMA-set and update it respectively
endfor
if Ngps =size of dynamic-peak-set < ¢
Generate q — NdpS new search points, reset CMA-sets
endif
Reset the (¢ + 1)*"...(¢ + p)*" search points

of the functions are non-separable. The CMA-ES dynamic niching algorithm
(with a fixed niche radius) was tested on {A, £, F} [5], whereas it was not
applied to the rest of the functions given here. Some of those additional test
functions {M, B, G} are benchmark multimodal functions that will further test
the robustness of the algorithm as a niching method, and the others {V, S} focus
on the niche radius problem.

M is meant to test the stability of a particularly large number of niches: In the
interval [0, 1]™ this function has 3™ maxima, equally distributed as a hyper-grid,
with equal function values of 1. V is a sine function with decreasing frequency (6™
optima in the interval [0.25,10]™). S, suggested in [I8], introduces a landscape
with dramatically uneven spread of optima. Both V and S are not likely to be
tackled by a niching method with a fixed niche radius.

The algorithm is tested on the specified functions for various dimensions. Each
test case includes 100 runs. All runs are performed with a core mechanism of

Table 1. Test functions to be minimized and initialization domains

Name Function Init
— 1 n 2
Ackley Alz) = eXp( \/n 2iz x) [—10,10]"
—exp( :L 1 cos( csml)) +c1+e
2
c L(x) = — [, sin® (lhrw: + b) - exp (—z3 (ZLZ) ) [0, 1"
F®) =30, (Ai — B)*
Fletcher-Powell A; =37, (aij - sin(ay) + byj - cos(a;)) [, m]"
Bi=3_, (az‘j -sin(x;) + bij - cos(z;))
M M(x) =—=3"  sin® 3rxz;) [0,1]"
B(x) = Z? (@7 4 2274 _ n
Bohachevsky —0.3 - cos(3mx;) — 0.4 - cos(4dmzit1) + 0.7) [=10, 10}
Grienwank G(x) = 505 i @i — [, cos (z—’z> +1 [—10,10]"™
Shekel S@=-Si e 0, 10]"
Vincent V(x)=—1>7" sin(10-log(z:)) [0.25,10]™
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a (1,10)-strategy per niche and initial points are sampled uniformly within the
initialization intervals. Initial step sizes, as well as initial niche radii, are set to
% of the intervals. The parameter ¢ is set based on a-priori knowledge when
available, or arbitrarily otherwise; p is set to 1. The default value of « is —10,
but it becomes problem dependent for some cases, and has to be tuned. Each
run is stopped after 10° generations ((q + 1) - 10° evaluations).

We consider three measures as the performance criteria: the saturation M.P.R.
(mazimum peak ratio; see, e.g., [B]), the global optimum location percentage, and

the number of optima found (with respect to the desired value, g).

5 Numerical Results

The results of the simulations are summarized in table 2l As reflected by those
results, our method performs in a satisfying manner. A comparison shows that
the performance of the new niching method is not harmed by the introduction
of the niche radius adaptation mechanism with respect to the same multimodal
test functions reported in [5], except for the Ackley function in high dimensions.
The latter seems to become deceptive for the adaptation mechanism as the
dimensions go up: it requires the tuning of the parameter «, but no longer
obtains satisfying results for n > 15. This occurs since the global minimum has
a far stronger basin of attraction in comparison to the local minima, and many
niches are formed in this basin. However, our confidence in the method is further
reassured by the results on the functions {M, B, G} which are quite satisfying.
Concerning the landscapes with the “deceptive” distribution of optima, i.e. V
and S, our method performed well, and managed to tackle the niche radius
problem successfully. The tuning of « is also required for S.

A visualizations of the runs on V and S for n = 1 are given as Fig. Bl and
Fig. [d

Table 2. Performance Results

|Function |M.P.R.|Global|Optima/qHFunction |M.P.R.|Global|0ptima/q|

tn=3] 1 [100%| 7/7 |M:n=3] 1 [100% | 100/100
© n=20[0.6084] 59% | 22.6/41 ||M : n = 10]0.9981] 100% | 99.1/100
: n =40[0.3186| 43% | 20.8/81 ||M: n = 40|0.7752| 100% | 87.2/100
n=4 |0.9832] 100% | 4.4/5 - n=23 [0.9726]100% | 3.96/5
n=10]0.7288] 47% | 3.4/11 ||B: n =10 |0.5698 | 82% | 2.21/5
Tn=2] 1 |100%]| 4/4 © n=20 |0.1655| 61% | 1.21/5
cn=4] 0881 | 100% | 3.0/4 T nm=2 |0.7288]100% | 3.96/5
c n=10] 0.783 | 67% | 2.3/4 T n=10 | 0.398 | 53% | 2.2/5
n=1 |0.8385] 100% | 5.05/6 ||S: n=1 |0.9676|100% | 7.833/8
n =2 |0.8060] 100% | 17.86/36 ||S: n =2 |0.8060 | 100% | 6.33/8
n=>5 |0.9714] 100% | 39.16/50 ||S: n=5 |0.7311| 91% | 4.37/8
 n=10]0.9649] 100% | 36.9/50 ||S: n =10 |0.7288| 79% | 3.41/8

I R R R R R SESES

U0 0 ©|QQ | |
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Fig.3. S (n = 1): final population Fig.4.V (n = 1): final population

6 Summary and Conclusion

We have proposed a new niching algorithm, with a niche-radius adaptation mech-
anism, for Evolution Strategies. In particular, this method relies on the CMA-ES
algorithm, and couples the individual niche radius to the individual step size.
The method is tested on a set of highly multimodal theoretical functions for
various dimensions. It is shown to perform in a satisfying manner in the loca-
tion of the desired optima of functions which were tested in the past on the
predecessor of this method, using a fixed niche radius. The Ackley function in
high dimensions seems to be deceptive for this method. More importantly, the
niche radius problem is tackled successfully, as demonstrated on functions with
unevenly spread optima. In these cases the performance was satisfying as well.

The function of the learning coefficients has to be tuned (through the parame-
ter «) in some cases. Although this is an undesired situation, i.e., the adaptation
mechanism is problem dependent, this method makes it possible to locate all de-
sired optima on landscapes which could not be handled by the old methods of
fixed niche radii, or would require the tuning of ¢ parameters.
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Abstract. The paper introduces a hybrid Tabu Search-Evolutionary
Algorithm for solving the constraint satisfaction problem, called STLEA.
Extensive experimental fine-tuning of parameters of the algorithm was
performed to optimise the performance of the algorithm on a commonly
used test-set. The performance of the STLEA was then compared to the
best known evolutionary algorithm and benchmark deterministic and
non-deterministic algorithms. The comparison shows that the STLEA
improves on the performance of the best known evolutionary algorithm
but can not achieve the efficiency of the deterministic algorithms.

1 Introduction

The last two decades saw the introduction of many evolutionary algorithms
(EAs) for solving the constraint satisfaction problem (CSP). In [I], the perfor-
mance of a representative sample of these EAs was compared on a large ran-
domly generated test-set of CSP-instances. In [2] a more extensive comparison,
including a large number of algorithm variants, was included, this time on a
test-set generated by the latest random CSP generator. One variant algorithm,
the Stepwise-Adaptation-of-Weights EA with randomly initialisated domain sets
(rSAWEA) outperformed all other EAs. However, when the effectivity and the
efficiency of this algorithm was compared to non-evolutionary algorithms, it
was found that the effectivity of the other algorithms was approached by the
rSAWEA but that the efficiency still fell short of the other algorithms.

A major reason for this lack of efficiency is that EAs tend to recheck previously
checked candidate solutions during their run, wasting computational effort. This
paper investigates a way of reducing this waste: the use of a tabu list.

Tabu lists are used in Tabu Search (TS) algorithms ([3]). They are used to
ensure that the algorithm does not return to an already searched neighbourhood
or check a candidate solution twice. Tabu lists and T'S have found their way into
EAs before (i.e. [456]) but to the authors’ knowledge never for EAs solving
the CSP. Tabu lists, in essence, store already checked candidate solutions. The
algorithm can use the list to determine future search avenues or simply to forgo
checking the candidate solution: making it tabu. Because the (more simple) tabu
lists are used as reference memory (only insertion and lookup is allowed), they

T.P. Runarsson et al. (Eds.): PPSN IX, LNCS 4193, pp. 152-[I61] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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can be implemented efficiently as a hash set. This ensures a constant time cost
(O(1)) when a suitable hash function is used and the table is sufficiently large.
This paper will show that combining EAs with tabu lists will provide both an
effective and efficient CSP solving algorithm.

The article is organised in the following way: in section Bl the constraint
satisfaction problem is defined. Section [ defines the proposed algorithm. The
experimental setup is explained in section @l Section [l discusses the results of
the experiments. Finally, the paper is concluded in section [6l

2 Constraint Satisfaction Problems

The Constraint Satisfaction Problem (CSP) is a well-known satisfiability prob-
lem that is NP-complete ([7]). Informally, the CSP is defined as a set variables
X and a set of constraints C' between these variables. Variables are only assigned
values from their respective domains, denoted as D. Assigning a value to a vari-
able is called labelling a variable and a label is a variable-value pair, denoted:
(z,d). The simultaneous assignment of several values to their variables is called
a compound label. A constraint is a set of compound labels, this set used to de-
termine when a constraint is violated. If a compound label is not in a constraint,
it satisfies the constraint. A compound label that violates a constraint is called
a conflict. A solution of the CSP is defined as the compound label containing all
variables in such a way that no constraint is violated. The number of distinct
variables in the compound labels of a constraint is called the arity of the con-
straint and these variables are said to be relevant to the constraint. The arity of
a CSP is the maximum arity of its constraints. In this paper we consider only
CSPs with an arity of two, called binary CSPs. All constraints of a binary CSP
have arity two.

In this paper we will use the test-set constructed in [2]. The test-set consists of
model F' generated solvable CSP-instances ([8]) with 10 variables and a uniform
domain size of 10 values. Complexity of the instances is determined by two com-
monly used complexity measures for the CSP: density (p1) and average tightness
(p2), both presented as a real number between 0.0 and 1.0 inclusive. The mushy
region is the region in the density-tightness parameter space where the hard-
to-solve CSP-instances can be found. The nine density-tightness combinations
used are 1 :(0.1,0.9), 2 : (0.2,0.9), 3:(0.3,0.8), 4 : (0.4,0.7), 5: (0.5,0.7), 6 :
(0.6,0.6), 7:(0.7,0.5), 8 : (0.8,0.5), and 9 : (0.9, 0.4). For these density-tightness
combinations 25 CSP-instances were selected from a population of 1000 gener-
ated CSP instances (for selection criteria see [2]) for a total of 225 CSP-instances.
The test-set can be downloaded at: http://www.emergentcomputing.org/csp/
testset_mushy.zip.

3 The Algorithm

The proposed EA is called the Simple Tabu List Fvolutionary Algorithm
(STLEA) and is a hybrid between a TS algorithm and an EA. In keeping
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with the simple definition of TS as “a meta-heuristic superimposed on another
heuristic” ([3]), the STLEA only uses the tabu list. The tabu list is used to en-
sure that the STLEA does not check a compound label twice during a run. The
basic structure of the STLEA is similar to other EAs and is shown in algorithm
I A population P of popsize individuals is initialised (line[2]) and the compound
labels in the population are added to the tabu list (line B). The individuals’
representation and how they are initialised are described in section[3.I] the tabu
list is described in section B3l The STLEA iterates for a number of generations
(line M to [I0]) until either a solution is found or the maximum number of conflict
checks allowed (maxCC) has been reached or exceeded (The stop condition in
line[]). At each iteration parents are selected from P into offspring population S
using biased linear ranking selection ([9]) with bias bias (line Bl). The offspring
population creates a new population using the variation operator (line[d), further
described in section 3.4l The new offspring population is then evaluated by the
objective function (line [7), described in section Each new individual in the
offspring population is also added to the tabu list (line B). Finally, the survivor
selection operator selects individuals from the offspring population (5) into an
emptied population (P) to be used for the next generation (line[d). The survivor
operator selects individuals with the best fitness value (see section BZIl) until the
new population (P) is equal to popsize.

Algorithm 1: STLEA
1 funct STLEA(popsize, maxCC, bias) =
2 P := initialise(popsize);

3  updateTabuList(P);
4 while —solutionFound(P) V CC < maxCC do
5 S := selectParents(P, bias);
6 S := variationOperator(S);
7 evaluate(S);
8 updateTabuList(5);
9 P := selectSurvivors(S);
10 od

3.1 Representation and Initialisation

An individual in the STLEA consists of three parts: a compound label over all
variables of the CSP used as the candidate solution; the subset of constraints of
the CSP that are violated by the compound label; and a parameter indicating
which variable was altered in the previous generation (changed variable parame-
ter). A new individual is then initialised by: uniform randomly labelling all vari-
ables in the compound label from the respective domains of each variable; adding
each constraint violated by the compound label to the set of violated constraints;
and leaving the changed variable parameter unassigned. The biggest difference
to other commonly used representations is that this representation maintains:
the actual set of violated constraints instead of the derivative number of violated
constraints; and the variable changed in the previous generation. The size of the
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constraint set is used if a fitness value for the individual is needed. By numbering
the constraints of the CSP, we can store only this number as a reference to the
actual constraint.

3.2 Objective Function

The objective of STLEA is to minimise the number of violated constraints, thus
finding a solution. The objective function then maintains the set of violated
constraints of an individual. The number of conflict checks needed for one fitness
evaluation is reduced by only considering the constraints relevant to the last
changed constraint. First all constraints relevant to the last changed variable
are removed from the set of violated constraints of the individual. The objective
function then checks each constraint relevant to the last changed variable of
the individual. If it is violated, the constraint is added to the set of violated
constraints of the individual[]

3.3 Simple Tabu List

The STLEA maintains a simple tabu list of compound labels implemented as
a hash set. The tabu list is used in only two ways: adding a compound label
(insertion), and checking if a compound label is in the list (lookup). There is no
need to alter or remove a compound label once it has been added to the tabu
list. New compound labels are added immediately after the new individuals
have been evaluated. Depending on the quality of the hash-function and given
adequate size of the hash table, insertion and lookup in a hash table set constant
time (O(1)).

3.4 Variation Operator

The variation operator takes a single individual to produce many children (off-
spring). The basic premise of the variation operator is simple: select a variable
from the CSP and generate children for all not previously checked values in the
domain of the selected variable. The variation operator uses the tabu list to check
whether a child has already been checked. All not previously checked children
are added to the offspring population, and the last changed variable parameter
is set to the selected variable.

If all children are in the tabu list, the variation operator iterates the procedure
with another variable selected. No variable will be selected twice in one operator
invocation per individual. It is possible that after all variables have been selected,
no unchecked child was found. At this stage, the search environment around the
individual has been exhaustively searched and the search path can be terminated.
At this point the variation operator inserts a new randomly initialised individual
into the offspring population, in effect, starting a random new search path. This
is, in essence, a gradual restart strategy. The variation operator never selects

! This objective function only works when only one variable is changed, although a
version where more than one variable is changed can be defined analogously.
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the variable selected in the previous generation, since all values for that variable
have already been checked in the previous generation of the algorithm.

The variation operator selects the variable in three stages, uniform randomly
from the set of variables:

1. relevant to the constraints violated by the individual’s compound label (first
stage variable set);

2. related to but excluding the variables in the first stage variable set by con-
straint arc (second stage variable set); and

3. that are not in the previous two sets (third stage variable set).

The first stage variable set is created by adding all relevant variables for each
constraint in the violated constraints set of the individual to a multiset. A mul-
tiset is used so that variables relevant to more than one violated constraint have
a higher chance of being selected. This provides a higher chance to satisfy more
than one constraint by a single relabelling.

The second stage variable set is a multiset of variables, excluding the variables
of the first stage variable set but including those variables that are relevant to
constraints that have a relevant variable in the first stage variable set. These
variables are said to be relevant-by-arc to a violated constraint. After all variables
from the first stage variable set have been tried, it is necessary to expand the
local-search neighbourhood. It may be useful to change the value of a relevant-
by-arc variable to another value first to escape the local-search neighbourhood.
The second stage variable set gives a higher selection chance to variables that
are relevant-by-arc to more violated constraints.

The third stage variable set includes all variable not in the previously two
variable sets. Since no preference can be established, all variables in the set have
equal probability for selection.

4 Experimental Setup

The STLEA is run on the test-set used in [2] (see section ). Two measures are
used to assess the performance of the algorithm: the success rate (SR), and the
average number of conflict checks to solution (ACCS). The SR will be used to
describe the effectiveness of the algorithm, the ACCS will be used to describe
the efficiency of the algorithms.

The SR of an algorithm is calculated by dividing the number of successful runs
by the total number of runs. A successful run is a run in which the algorithm
solved the CSP-instance. The SR is given as a real number between 0.0 and
1.0 but can also be expressed as a percentage. A SR of 1.0 means that all runs
were successful. The SR is the most important performance measure to compare
algorithms on, after all, an algorithm which finds more solutions should be valued
over an algorithm that does not. The accuracy of the SR measure is influenced
by the total number of runs.



A Tabu Search Evolutionary Algorithm for Solving CSPs 157

The ACCS of an algorithm is calculated by averaging the number of conflict
checks needed by an algorithm over several successful runs. A conflict check is
the check made to see if a compound label is in a constraint. Unsuccessful runs
of an algorithm are discarded, and if all runs of an algorithm are unsuccessful,
the ACCS measure is undefined. The ACCS measure is a secondary measure for
comparing an algorithm and its accuracy is affected by the number of successful
runs as well as the total number of runs of an algorithm (the ratio of which is
the SR).

A efficiency performance measure has to account for the computational effort
of an algorithm. The ACCS measure uses the number of conflict checks as the
atomic measure to quantify the computational effort. The STLEA, however, also
spends computational effort on the maintenance of the tabu list. It was found
that the computational effort needed to insert and lookup compound labels in the
tabu list was negligible in comparison to the computational effort of performing
a conflict check when the CSP-instance to solve was sufficiently complex. The
computational effort needed to maintain the tabu list became relatively sub-
stantial when the average number of relevant constraints to a variable in the
CSP-instance is smaller than two. This was not the case for the CSP-instances
in the test-set.

The STLEA has relatively few parameters to fine-tune: the popsize; the
maxCC allowed; and the bias of the biased linear ranking parent selection op-
erator. We chose to select an equal number of parents for use by the variation
operator as there were individuals in the population (popsize). A bias of 1.5 for
the biased linear ranking selection operator was used because this gave the best
performance in preliminary experiments, and is also used in other studies ([Il2]).

This leaves just the popsize and maxCC parameters to fine-tune. With EAs
for solving CSPs it is common practice to use a small population size. The
reasoning is that with a small population to maintain, more computational effort
can be spend on increasing the fitness of the individuals, following the (small
number of ) search paths of which they are part. Large populations, on the other
hand, need a lot of computational effort to maintain but provide for more search
avenues to explore; in general keeping population diversity high. The trade-off,
is investing computational effort, either in following a few search paths in depth,
or in maintaining many search paths but (perhaps) following them to a lesser
depth. The STLEA, however, doesn’t seem to lend itself well to conventional
wisdom. The combination of a tabu list and a powerful local search technique
appears to address both issues at simultaneously. Since the common practice does
not seem to apply to the STLEA, only experimentation with a large number of
combinations for the popsize and maxCC parameters can provide guidelines.

The experimental setup for the proposed algorithm is then as follows: all 225
CSP-instance in the test-set the algorithm is run 10 times for a total of 2250 runs.
The popsize and maxCC parameters are varied. The popsize parameter is taken
from the following set: {10} U{50, 100, ...,5000}. The maxCC is taken from the
following set: {100000, 200000, . .., 5000000}. In total 2250-101-50 = 11, 362, 500
runs were performed.
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Fig. 1. The relationship between the population size (z-axis) and the success rate
(y-axis) of the algorithm for different maximum number of conflict checks allowed

5 Results

The results of the experiments are summarised in figure [[l Figure [l consists of
9 graphs, each showing the result for each density-tightness combination in the
test-set. The top row shows the results for density-tightness combinations 1 to
3, the middle row the results for density-tightness combinations 4 to 6, and the
bottom row the results for density-tightness combinations 7 to 9.

Figure [ shows the influence of different values for maxCC on the SR for
different values of popsize. The trend for the SR is the same for all different
density-tightness combinations. The SR increases when larger values for popsize
are used. The SR drops abruptly when popsize gets too large relative to maxCC.
At the point where the algorithm achieves maximum SR, maxCC is just enough
to allow the algorithm to reach this peak but not much more. If the popsize is
increased beyond this point, the maxCC for maintaining a population of this
size are not available and the SR drops abruptly. The inner most arc seen from
the left-bottom corner of the graph (worst performance) invariably depicts the
experiments with the least maxCC. Note that the difference in complexity of the
density-tightness combinations in the test-set is also apparent by the maxCC
allowed. Density-tightness combination 1 for example is known to be easier to
solve than density-tightness combination 9, and the number of conflict checks
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Table 1. Success rate (SR) and average conflict checks to solution (ACCS) for the best
population size (popsize) and maximum conflict checks allowed (maxCC) parameters

SR ACCS popsize maxCC

1 1.0 2576 50 100000
2 1.0 67443 550 200000
3 1.0 313431 1650 500000
4 1.0 397636 1800 600000
5 1.0 319212 1150 500000
6 1.0 469876 1350 800000
7 1.0 692888 1750 1100000
8 1.0 774929 1700 1400000
9 1.0 442323 900 800000

needed to sustain the population while reaching a success rate of 1.0 is therefore
lower for the first then for the latter. Note also the stepwise drop in SR after
the optimal SR has been reached. Each step is caused be the inability of the
algorithm to perform another generation. The slight increase in SR at each step
is cause by the maximisation of the popsize for the number of generations that
can still be performed.

Table [0 shows the first parameter-combination (popsize-maxCC) for which
the SR is 1.0 for each density-tightness, with popsize minimised first and maxCC
second. There is significant difference between the parameter values for different
density-tightness combinations. CSP-instances for density-tightness combination
1 for example can be solved with popsize = 50 and maxCC = 100000 while
density-tightness combination 7 needs popsize = 1750 and maxCC = 1100000.
This reflects the difference in effort needed for solving the CSP-instances for the
different density-tightness combination more then an inherent aptitude for the
different density-tightness combinations of the algorithm.

Table Pl shows a comparison of the performance of the STLEA with the best
algorithm from [2] and some benchmark algorithms. Table [ clearly shows that
the STLEA outperforms rSAWEA in SR and ACCS on all but density-tightness
combination 9. Especially the fact that, given a large enough population and
allowed number of conflict checks to work, the STLEA has a success rate of 1.0
is an improvement on rSAWEA. The STLEA also compares favourable with the
HCAWR algorithm, with efficiency of the algorithm on average several magni-
tudes better (except density-tightness combination 9). Compared with the de-
terministic algorithms CBA and FCCDBA, however, the STLEA still has, on
average, inferior efficiency, both algorithms outperforming it by several orders of
magnitude (except for density-tightness combinations 1 and 2 for CBA). Over-
all, the STLEA is more effective and efficient then the best EA published so far
but, although a step in the right direction, is still unable to beat deterministic
algorithms on efficiency.

In [2] the notion of memetic overkill was introduced as well. Memetic overkill
occurs when an algorithm for solving CSPs incorporates a heuristic so capable
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of finding solutions that the evolutionary components actually hamper per-
formance. Especially hybrid algorithms are susceptible to suffer from memetic
overkill. De-evolutionarising the STLEA through additional experiments (as ex-
plained in [2]) showed that the STLEA does not suffer from memetic overkill.

Table 2. Comparing the success rate and average conflict checks to solution of the
STLEA, the Stepwise-Adaptation-of-Weights EA with randomly initialised domain
sets (rfSAWEA), Hillclimbing algorithm with Restart (HCAWR), Chronological Back-
tracking Algorithm (CBA), and Forward Checking with Conflict-Directed Backjumping
Algorithm (FCCDBA)

STLEA rSAWEA HCAWR CBA FCCDBA
SR ACCS SR ACCS SR ACCS SR ACCS SR ACCS
1.0 2576 1.0 9665 1.0 234242 1.0 3800605 1.0 930

1.0 67443 0.988 350789 1.0 1267015 1.0 335166 1.0 3913
1.0 313431 0.956 763903 1.0 2087947 1.0 33117 1.0 2186
1.0 397636 0.976 652045 1.0 2260634 1.0 42559 1.0 4772
1.0 319212 1.0 557026 1.0 2237419 1.0 23625 1.0 3503
1.0 469876 1.0 715122 1.0 2741567 1.0 44615 1.0 5287
1.0 692888 1.0 864249 1.0 3640630 1.0 35607 1.0 4822
1.0 774929 1.0 1012082 1.0 2722763 1.0 28895 1.0 5121
1.0 442323 1.0 408016 1.0 2465975 1.0 15248 1.0 3439

© WO Uk W

6 Conclusion

In this paper we introduced a hybrid Tabu Search — Evolution Algorithm for
solving the CSP, called Simple Tabu List Evolutionary Algorithm (STLEA). In
[2] it was found that EAs for solving the CSP were able to approach the effec-
tiveness of other (deterministic) algorithms but that they were still far behind in
efficiency while doing so. A reason behind this lack of efficiency is the tendency
of EAs to recheck previously checked compound labels during their search for a
solution. The rational behind the STLEA is to reduce this rechecking by using
a tabu list, effectively making previously checked compound labels tabu. The
basic structure of the STLEA resembles the basic EA structure but incorporates
a local-search technique into a single variation operator. A slightly altered rep-
resentation allows for further efficiency improvement as well. A large number of
experiments were performed for different combinations of the algorithm’s param-
eters in order to find the best parameter settings. Using these parameters, it was
found that the STLEA outperforms the best EA for solving the CSP published
so far but still has inferior efficiency to deterministic algorithms.

Future research is focussed on comparing the relative behaviour of the STLEA
to other algorithms when the complexity of the CSP-instances is increased (scale-
up experiments) and the effects on the performance of the STLEA when other
kinds of tabu lists are used.



A Tabu Search Evolutionary Algorithm for Solving CSPs 161

References

1. Craenen, B., Eiben, A., van Hemert, J.: Comparing evolutionary algorithms on
binary constraint satisfaction problems. IEEE Transactions on Evolutionary Com-
puting 7(5) (2003) 424-445

2. Craenen, B.: Solving Constraint Satisfaction Problems with Evolutionary Algo-
rithms. Doctoral dissertation, Vrije Universiteit Amsterdam, Amsterdam, The
Netherlands (2005)

3. Glover, F., Laguna, M.: Tabu search. In Reeves, C., ed.: Modern Heuristic Tech-
niques for Combinatorial Problems. Blackwell Scientific Publishing, Oxford, Eng-
land (1993) 70-141

4. Costa, D.: An evolutionary tabu search algorithm and the nhl scheduling prob-
lem. Orwp 92/11, Ecole Polytechnique Fédérale de Lausanne, Département de
Mathématiques, Chaire de Recherche Opérationelle (1992)

5. Burke, E., Causmaecker, P.D., VandenBerghe: A hybrid tabu search algorithm for
the nurse rostering problem. In: Proceedings of the Second Asia-Pasific Conference
on Simulated Evolution and Learning. Volume 1 of Applications IV. (1998) 187-194

6. Greistorfer, P.: Hybrid genetic tabu search for a cyclic scheduling problem. In
Vo8, S., Martello, S., Osman, I., Roucairol, C., eds.: Meta-Heuristics: Advances and
Trends in Local Search Paradigms for Optimization, Boston, MA, Kluwer Academic
Publishers (1998) 213-229

7. Rossi, F., Petrie, C., Dhar, V.: On the equivalence of constrain satisfaction prob-
lems. In Aiello, L., ed.: Proceedings of the 9th European Conference on Artificial
Intelligence (ECATI’90), Stockholm, Pitman (1990) 550-556

8. Maclntyre, E., Prosser, P., Smith, B., Walsh, T.: Random constraint satisfaction:
theory meets practice. In Maher, M., Puget, J.F., eds.: Principles and Practice of
Constraint Programming — CP98, Springer Verlag (1998) 325-339

9. Whitley, D.: The genitor algorithm and selection pressure: Why rank-based allo-
cation of reproductive trials is best. In Schaffer, J., ed.: Proceedings of the 3rd
International Conference on Genetic Algorithms, San Mateo, California, Morgan
Kaufmann Publisher, Inc. (1989) 116-123



cAS: Ant Colony Optimization with Cunning
Ants

Shigeyoshi Tsutsui

Hannan University, Matsubara Osaka 580-8502, Japan
tsutsui@hannan-u.ac. jp

Abstract. In this paper, we propose a variant of an ACO algorithm
called the cunning Ant System (cAS). In cAS, each ant generates a solu-
tion by borrowing a part of a solution which was generated in previous
iterations, instead of generating the solution entirely from pheromone
density. Thus we named it, cunning ant. This cunning action reduces
premature stagnation and exhibits good performance in the search. The
experimental results showed cAS worked very well on the TSP and it
may be one of the most promising ACO algorithms.

1 Introduction

As a bio-inspired computational paradigm, ant colony optimization (ACO) has
been applied with great success to a large number of hard problems. They include
the traveling salesman problem (TSP) [IJ2/3], the quadratic assignment problem
[4], scheduling problem [5], and vehicle routing problem [6], among others.

The first ACO algorithm was called the Ant System (AS) [I], and is applied to
the T'SP. Since then, many advanced ACO algorithms are proposed as extensions
of AS. Typical of these are AS with elitist strategy and ranking (AS;qnx) [6], Ant
Colony System (ACS) [2], and MAX-MIN Ant System (MMAS) [3]. These ad-
vanced ACO algorithms include a strong exploitation of the best solutions found
during the search. However, strong exploitation causes premature stagnation of
the search. The most successful ones, such as ACS and MMAS, have explicit
features to avoid this premature stagnation [7]. Thus for developing a successful
variant of ACO, we need to incorporate a good balance between exploitation
and exploration.

In this paper, we propose a variant of an ACO algorithm called the cunning
Ant System (cAS). In cAS, each ant generates a solution by borrowing a part of
a solution from a previous iteration, instead of generating the solution entirely
from pheromone density. From this behavior, we call them cunning ants. This
cunning action reduces premature stagnation and exhibits good performance in
the search.

Although the basic background is different, the idea of using partial solutions
to seed the ants’ solution construction is inspired by our previous study on
the edge histogram based sampling algorithm (EHBSA) [§] within the EDA [J]
framework for permutation domains. Using partial solutions to seed solution

T.P. Runarsson et al. (Eds.): PPSN IX, LNCS 4193, pp. 162-[I'T1] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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construction in ACO framework has been performed by combining an external
memory implementation in [I0/TI]. In [I2], some solution components generated
according to ACO are removed, resulting in a partial candidate solution. Starting
from the partial solution, a complete candidate solution is reconstructed by a
greedy construction heuristic.

In the remainder of this paper, Section 2 gives a brief overview of MMAS.
Then, Section 3 describes how the solutions with cAS are constructed, and the
empirical analysis is given in Section 4. Finally, Section 5 concludes this paper.

2 A Brief Review of MMAS

Since cAS uses the MMAS framework in pheromone density updating, in this
section we give a brief overview of MMAS.

MMAS allows the deposit of pheromone by either the iteration-best, or best-so-
far ant to introduce a strong exploitation feature in the search. To counteract the
stagnation caused by this, MMAS introduced an important mechanism to limit
the possible range of pheromone trail density within the interval [Tpin, Tmasz)- By
limiting the influence of the pheromone trails we can avoid the relative differences
between the pheromone trails from becoming too extreme during the run of the
algorithm. MMAS also introduced schemes of pheromone trail reinitialization
and/or pheromone trail smoothing (PTS) to prevent stagnation of the search.
In MMAS, the values of 7,4, and 7,,;, are defined as

Tmax(t) = 1/(1 = p) X 1/0568t7507farv (1)
) o Tmazx * (]- - M)
Tmin(t) = (n/2—1) /Prest @)

where is the fitness of best-so-far solution at t and n is the problem
size and ppest is a control parameter. With a smaller value of pyest, the value of
Tmin becomes larger.

Cfestfsoffar

3 Cunning Ant System (cAS)

3.1 Cunning Ant

In traditional ACO algorithms, each ant generates a solution probabilistically
or pseudo-probabilistically based on the current pheromone trail 7;;(t). In this
paper, we introduce an agent called cunning ant (c-ant). The c-ant differs from
traditional ants in the manner of solution construction. It constructs a solution
by borrowing a part of existing solutions. The remainder of the solution is con-
structed based on 7;;(t) probabilistically as usual. In a sense, since this agent in
part appropriates the work of others to construct a solution, we named the agent
c-ant after the metaphor of its cunning behavior. In the remainder of this paper a
solution constructed by a c-ant is also represented with the same notation, c-ant.
Also, an agent which has constructed a solution borrowed by a c-ant is called a
donor ant (d-ant) and the solution is also represented with the notation d-ant.
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Fig. [ shows an example of the
relationship between c-ant and d-ant
in TSP. Here note again the nota-
tions c-ant and d-ant are used both
for agents and solutions. In this ex-
ample, the c-ant borrows part of the
tour, 7—0—1—2—3, from the d-ant
directly. The c-ant constructs the re-
mainder of the tour for cities 4, 5,
and 6 according to 7;;(t) probabilis-
tically. Using c-ant in this way, we can

d-ant

c-ant

prevent premature Stagnation the Of sequence of cities based on 7;(1)
search, because only a part of the cities Fig. 1. c-ant and d-ant in TSP

in a tour are newly generated, and this
can prevent over exploitation caused by strong positive feedback to 7;;(t) (see
Section 4.2).

3.2 Colony Model of cAS

In cAS, we use a colony

model as shown in Fig.

@l which is similar to

the colony model pro-

posed for real parameter pheromone

optimization with ACO update

framework [I3]. It con-

sists of m wunits. Each

unit consists of only one

antj, (k=1,2,...,m).

At iteration t in unit k,

a new c-anty 41 creates density

a solution with the exist-

ing ant in the unit (i.e.,

ant’,g’t) as the d-anty..

Then, the newly gener- Fig. 2. Colony model of cAS

ated c-antp,y1 and d-

anty, are compared, and the better one becomes the next antj , ; of the unit.
Thus, in this colony model, anty ;, the best individual of unit k, is always

reserved. Pheromone density is then updated with antj , (k=1, 2, ..., m) and

7i;(t+1) is obtained as:

unit 1

tour construction

unit m

pheromone

gt +1) =pom(t) + >0 ATTh(D), (3)

A*Tilj»(t) =1/Cy: if (4, j) € anty,, 0: otherwise, (4)
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where Cf ; is the fitness of anty ;.
In cAS, pheromone update is performed with m anty , (k=1,2,..., m) by Eq.
within [Tpin, Tmaz] as in MMAS [3]. Here, Tyyq0 for cAS is defined as

1 m 1
Tmax(t) = 1-p 8 Zkzl Civ’ ®

and T, is given by Eq. 2l of MMAS. Here, note that 7,4, of Eq.[Blis obtained
by modifying Eq. 0l of MMAS.

In this colony model, a d-ant is the best ant of each unit. By using ant* as a d-
ant in each unit we can expect an appropriate level of exploitation. Further, the
comparison method in each sub-colony is similar to the tournament selection
in genetic algorithms (GAs), being well known that tournament selection can
maintain diversity of a population, though it differs from traditional tournament
selection in that the comparison restricted to being performed inside of each unit.
Thus, we can also expect this colony model to maintain the diversity of ant} in
the system.

3.3 Number of Sampling and Borrowing Nodes

A crucial question when c-ant creates a new solution is how to determine which
part of the solution the c-ant will borrow from the d-ant. To ensure robustness
across a wide spectrum of problems, it should be advantageous to introduce
variation both in the portion and the number of nodes of the partial solution
that is borrowed from d-ant. First it is reasonable to choose the starting node
position of the partial solution randomly. Thereafter, the number of nodes of the
partial solution must be determined. Let us represent the number of nodes that
are constructed based on 7;;(t), by ls. Then, ., the number of nodes of partial
solution, which c-ant borrows from d-ant, is . = n—I,. Here, let us introduce a
control parameter v which can define E(ls) (the average of I5) by E(ls) = nx~.

In previous studies [8], when generating a permutation string, part of the
permutation elements were copied from a template string. To determine the
sampling portion in a string, we used the c cut-point approach. We sampled nodes
for only one randomly chosen segment from ¢ segments obtained by applying ¢
cut points to the template. With this approach, I, distributes in the range [0,
n], and E(ls) = nx1/c. Thus, with ¢ cut-point method above, E(l;) is n/2, n/3,
... for ¢ = 2, 3, and so on, and, ~y corresponds to 1/c, i.e., v can take only the
values of 0.5, 0.333, and 0.25, corresponding to ¢ = 2, 3, 4 and so on.

In the current research, we extend this elementary method to a more flexible
technique which allows for v taking values in the rage [0.0, 1.0]. The probability
density function of I5 with the ¢ cut-point approach is [14]:

n

c—2
fs(l):ﬂ(l—%> L0<l<n c>2 (6)

Here, we extend c so that it can take a continuous value (¢ >2). Then, we can
obtain a generalized f5(I) by setting ¢ = 1/v in Eq.[Bl for 0.5 > v >0 as follows:
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1—2~

fs<l>=1_”(1—i) G

ny n

For 0.5 <v<1, we further extend
the above logic as follows. First we
consider distribution of I’ = n-{
and p’s = 1- v in Eq.[@ Then we
can obtain the following equation

for 0.5 <y < 1. .
(T
r= ot () ®

Fig. B shows fs(l) for v = 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, and 0.8. We can see from
this figure that for a smaller -, shorter lengths of I become dominant, and for

a larger , longer lengths of [; become dominant.
The algorithm of ¢AS is summarized in Fig. @l

1. 10

2. Set the initial density 7;;(¢) = C(an arbitrary large value, e.g. 10)

3. Sample two individuals randomly for each unit k, then choose the best one in
the unit and set it as anty o (k=1,2,..., m)

4. Update 75;(t) according to Eq. Bl with Tmaee, Tmin of Egs. Bl and

5. Sample c-anty 41 for k=1,2,..., m according to d-anty . (: anty, ;) and 7;;(t41)

6. Compare c-anty, 41 and d-anty,:, set the best one as antj ;4 for i=12,..., m

7. t+—t+1

8. If the termination criteria are met, terminate the algorithm. Otherwise, go to 4

Fig. 4. Algorithm description of cAS

4 Experiments

Here we evaluate cAS on TSP. Unless explicitly indicated otherwise, the following
default parameter settings are used, which are the same values as used with
MMAS in [3] except for ppest, i.., « =1, f = 2 (o and § are parameters that
control the relative importance of the trail and the heuristic value [3] ), m =n
(m is the number of units and n is the number of cities), a candidate list [3] with
a size of 20. For cAS, ppes: value of 0.005 and «y value of 0.4 were used. All test
instances are taken from TSPLIB.

4.1 Performance of cAS

The performance of cAS was compared with MMAS and ACS, both of which
outperform other existing ACO algorithms [7]. The comparison was performed
on the same number of tour constructions for all algorithms as is described in [I5]
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and [3]; this number was chosen as k xnx 10000, where k = 1 for symmetric TSPs
and k = 2 for asymmetric TSPs (ATSPs). 25 runs were performed. Performance
of each algorithm was compared using Best o, (average of the best tour length)
and Error (average excess rate from optimum length) over 25 runs.

Table Ml summarizes the results. The results of MMAS+PTS and MMAS are
taken from [3] and those of ACS are from [I5]. We also showed the results of
non-cAS; i.e., we use colony model shown in Fig. 2 but no cunning action is
applied. This correspond to cAS with v = 1. The values in bold show the best
performance for each instance. From this table, we can see that cAS outperforms
almost all instances used in the experiments except for d198. Further, we can
observe that even non-cAS has similar performance to MMAS and thus the
effectiveness of using the colony model in Fig 2 is also confirmed.

Table 1. Results of cAS Bestqvy is average best solution over 25 runs and Error
indicates average excess (%) of Bestqwg from optimal in 25 runs

cAS MMAS ACS

TSP opt cAS ( =0.4) non-c AS (=1) MMAS+pts MMAS
Best std* Error| pegt std* Error| post  Error| g, Error| oo Error
o8 %) o8 ) G )] G )] I U))
o eil51 426 | 4262 0.5 0.06 | 427.3 0.7 031 | 427.1 026] 427.6 0.38 | 428.1 048
Z|kroA100| 21282 [21282.0 0.0 0.00 [21332.4 48.5 0.24 |21291.6 0.05 [21320.3 0.18 |21420.0 0.65

12}

d198 | 15780 | 15954.1 35.6 1.10 |15958.5 10.9 1.13 [15956.8 1.12 |15972.5 1.22 |16054.0 1.74
ry48p | 14422 | 14465.4 34.9 0.30 |14509.5 46.7 0.61 |[14523.4 0.70 | 14553.2 0.91 | 14565.5 0.99
S| 70 | 38673 |38736.1 77.1 0.16 |39105.8 169.5 1.12 [38922.7 0.65[39040.2 0.95[39099.1 1.10
2 krol124p| 36230 | 36303.2 120.3 0.20 |36734.1 261.1 1.39 |36573.6 0.95[36773.5 1.50 |36857.0 1.73
ftv170 | 2755 | 2827.1 8.7 2.62 | 2820.6 14.8 238 | 2817.7 2.28 | 2828.8 2.68 | 2826.5 2.59

* std : standard deviation of Best ,,,

4.2 Parameter Values for v

Fig. B shows the variations of Er- 3

| ;

ror for various ~y values. Here, ~ A | gl | | ot

. . \[ S —A- kroA100
values were varied starting from , el [ o s
0.1 to 0.9 with step 0.1. Except & \\\ \l\\ o s
for d198 and ftvl70, v values of § e Swune ] N ;ymp
[0.2, 0.6], which are in the smaller ' \ \"‘/ | o
value range of 7y, showed gooq per- b e el | e o
formance. On ftv170, cAS with ~ 0 =s

01 02 03 04 05 06 07 08 09

values of 0.2 showed good perfor- )

mance. On d198, v values of [0.4,
0.9], which are in the larger value
range of v, showed good performance.
Fig. [0l shows the convergence process of change of Error on kroA100 (100-city
symmetric TSP) for v values of 0.1, 0.3, 0.5, 0.7, and 0.9. Early stagnations of
search can be observed with v vales of 0.7 and 0.9. With ~ values of 0.3 and
0.5, stagnations of search occur much later in the search. With a ~ value of

Fig. 5. Variation of Error for v
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0.1, no stagnation can be observed. But the convergence process is very slow.
Thus we can see that using appropriate small values of v can prevent over ex-
ploitation with strong positive feedback to 7;;(t) and lead to success searches.

4.3 Parameter Values for p

With the ACO scheme, parame-
ter p also plays an important role !
in controlling the search process. ol
With a larger value of p, the search
proceeds slowly, but it prevents the
stagnation of the search. On the 0.001
other hand, with a smaller value of
p, the search proceeds rapidly, but
it causes stagnation. 0.00001 ‘
In cAS, as seen in Section 4.2, 10000 No. toulroc(:)?z:)mcﬁons 1000000
parameter v has an effect similar to
that of p. Fig. [l shows the effects of
variations of the value of p on the quality of solutions on kroA100 with ~ values
of 0.2 (left) and 0.6 (right). With v = 0.6, though the performance is bad
compared with v = 0.2, p having a strong effect. On the other hand, with v =
0.2, we can see the effect of variation of p is weaker compared with v = 0.6. But
still an appropriate value of p (p =0.98) leads to successful runs. Thus, we can
see the synergy effect of parameters v and p.

0.01

Error

0.0001

Fig.6. Convergence process on kroA100

y=02
1
Vel
0.1 0.4
———- 038
5 0.01 N
S S U B A 09 |8
S 0.001 a
’ —-— 094
0.0001 By —--— 098 ‘
j*— 0.001 -
0.00001 L L L 0.0004 L L L
200 1000 10000 100000 1000000 200 1000 10000 100000 100000C
No. tour constructions No. tour constructions

Fig. 7. Effect of p values on kroA100. Error is average over 25 runs.

4.4 Improving Performance of cAS with Local Search

Here we study cAS with a local search on symmetrical TSP. One of the best
performing local searches for TSP is the well-known Lin-Kernighan algorithm
(LK) [16]. The implementation of LK is complex compared with 2-OPT and 3-
OPT heuristics. There are many variant implementations for LK. An important,
and widely adopted scheme is the repeated use of the basic LK algorithm. The
scheme is referred to as Chained Lin-Kernighan [I7], or Iterated Lin-Kernighan
[18]. In addition to the basic LK, Chained LK repeatedly utilizes a method
for perturbing a given tour which is called kick. We used a Chained LK called
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Table 2. Results of cAS with LK on symmetrical TSP. I,,¢y and Tavg are average
iterations and time in second to find optimal in successful runs. Error indicates average
excess (%) from optimal in 25 runs.

cAS .
MMAS Chained LK

TSP cAS (y=0.4) non-c AS (y=1) ame r

& |Error I T ovg & |Error I T e & |Error I T o & |Error T ovg "

3 @) | “*| [min, max] I’] (%) | “*| [min, max] :E] (%) | “*| [min, max] E’] (%) | [min, max]
att532 7.8 8.2 10.5 6.11
(n=s532) 251 0.00 | 1.8 (1.4, 275] 241 0.00 | 1.9 [14.329] 251 0.00 | 2.4 (1.4, 32.6] 17{ 0.02 03.28.5] 40
d1291 27.4 359 48.8 17.0
(n=1291) 25| 0.00 | 5.7 6.0, 54.4] 241 0.00 | 7.4 6.0, 36.9] 221 0.00 |10.3 (6.0, 74.1] 610.12 [40,613] 80
vm1748 72.4 77.5 78.4 72.8
(n=1748) 25| 0.00 | 5.6 8.4,171.0] 241 0.00 | 5.6 8.1, 169.8] 211 0.00 | 5.6 83, 173.0] 110.06 U 200
pr2392 104.9 137.2 211.3 122.4
(2302 | 2] 000 (101130 5o oy [24] 000 [ 134 1575 50507 |12] 000 (2941 (1505 2337 | 4| 917 | a0, 2200y | 240
13795 435.1 615.9 770.7
(n=3795) 251 0.00 | 9.8 (1025, 1228.7] 15[ 0.00 [13.9 (1194, 1138.2] 171 0.00 [17.6 1599, 1081.1] 0]0.57 - 1400
115934 1951 0.00 [a32 | 13361 111000 |s06| 8546 f10]0.00 [s28] 25336 |g|027 - 3300
(1=5934) [729.1, 1996.8] 8] [1499.2, 2897.0]

700

13795
600 |-

25 2500

3

115934 20

£ 500
N

1500
40
300 - L L L 0 1000 L L L L L 0
0.2 0.3 0.4 0.2

05 0.6 0.7 08 03 04 05 0.6 0.7 08
r r
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Tavg
#OPT

2
[

Fig. 8. Variations of Error for various values on 13795 and r15934

Concorde TSP solver (Concorde) developed by D. Applegate et.al, which is
available for research purposes at [19]. cAS is written in JAVA and Concorde
is written in C. So we combined it with cAS using Java Native Interface (JNI).
Concorde was compiled using MinGW on Windows XP. For each tour generated
by cAS, we applied it n iterations of Chained LK with random-walk kicks, which
is reported to have the best performing kick [17].

The following six instances, which range in hundreds and thousands of cities,
were used: attb32, d1291, vin1748, pr2392, 13795, and r15934. The maximum
execution time (Tyqz) of the cAS with LK for each instance is set to 40, 80, 200,
240, 1400, and 3300 seconds, respectively. The machine we used had two Opteron
275 (2.4GHz) processors, 2GB main memory, and 32-bit WindowsXP. For unit
size, m = 5 was used for all instances. For other parameters, we used p = 0.5. ~y
=0.4. For Tin, we used Timin = Tmin/2n to attain somewhat tighter bounds on
the allowed pheromone trail strength according to the recommendation in [3].

To confirm the effectiveness of combining cAS with LK, we also tested the
following three algorithms: non-cAS with LK (i.e., y=1, see Section 4.1), MMAS
with LK, and Chained LK alone. For MMAS, we used our implementation with
Java. p value of 0.8 was used. For MMAS, we tuned by testing all combinations of
m = {5, 10} and pheromone update strategy = {iteration-best, best-so-far, and
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the schedule described in [3] for use with LK}. The results of the combination of
{m =5} x {pheromone update strategy = best-so-far} scored the best #OPT on
bigger problems (i.e., pr2392, f13795, and rl5934) and we used this combination
for MMAS with LK. We ran Concorde iterating the basic LK with random-walk
kicks until the achieving time defined by T;,4,. In the Chained LK, the initial
tour affects the performance. In this experiment, we chose the Quick-Borka tour
which has good performance on medium runs [I7].

Table Bl summarizes the results. We can see all algorithms of cAS, non-cAS,
and MMAS showed very small values of Error by combining LK and thus the
advantage of combining these algorithms with LK is very clear. However, when
we focus our attention on the results of #OPT, all algorithms except for cAS
could not attain #OPT = 25 for d1291,vm1748, pr2392, 13795, and r15934. In
contrast to this, cAS could attain #ZOPT = 25 for all test instances within the
allowed run time 7,4, showing the smallest Ty, 4 (average time in seconds to find
optimal in successful runs) among algorithms tested. Here we notice again that
even non-cAS shows very similar #0PT results to MMAS, as were observed
without local search in Section 4.1. Thus, we can see that the effectiveness of us-
ing the combination of the proposed colony model and c-ant holds true for cAS
with local search also. Fig. [§ shows the variations of Error for various vy values.
Here, v values were varied starting from 0.2 to 0.8 with step 0.1. We can see that
cAS with v values within range [0.3, 0.5] shows small Tg,y with #OPT = 25.

5 Conclusions

In this paper, we proposed the cAS, a new ACO algorithm, and evaluated the
performance using TSP instances available at TSPLIB. The results showed that
cAS worked well on the test instances and has performance that may be one of
the most promising ACO algorithms. We also evaluate cAS when it is combined
with LK local search heuristics using larger sized TSP instances. The results also
showed promising performance.

cAS introduced two important schemes. One is to use the colony model divided
into units, which has a stronger exploitation feature while maintaining a certain
degree of diversity among units. The other is to use a scheme, we call cunning,
when constructing new solutions, which can prevent premature stagnation by
reducing strong positive feedback to the trail density.

However, we need more analytical study on the relationships between these
schemes and traditional schemes with ACO, including the further tuning of com-
petitor algorithms. To apply cAS to other applications, such as the scheduling
problem and the quadratic assignment problems, also remains for future work.
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Analysis for Global Optimization
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Abstract. We design a new Genetic Algorithm based on Independent Compo-
nent Analysis for unconstrained global optimization of continuous function. We
use Independent Component Analysis to linearly transform the original dimen-
sions of the problem into new components which are independent from each other
with respect to the fitness. We project the population on the independent compo-
nents and obtain corresponding sub-populations. We apply genetic operators on
the sub-populations to generate new sub-populations, and combine them as a new
population. In other words, we use Genetic Algorithm to find the optima on the
independent components, and combine the optima as the global optimum for the
problem. As we actually reduce the original high-dimensional problem into sub-
problems of much fewer dimensions, the solution space decreases exponentially
and thus the problem becomes easier for Genetic Algorithm to solve. The ex-
periment results verified that our algorithm produced optimal or close-to-optimal
solutions better than or comparable to those produced by some of other Genetic
Algorithms and it required much less fitness evaluations of individuals.

Keywords: Genetic Algorithm, Independent Component Analysis, Estimation of
Distribution Algorithms, Global Optimization.

1 Introduction

Genetic Algorithm (GA) [1][2] is a branch of Evolutionary Computation inspired by
Darwin’s theory of natural evolution. GA can solve the unconstrained continuous global
optimization problem as formulated in Definition[I] GA encodes the problem solution in
a vector of variables as an individual. The objective function in Definition [I] evaluates
the fitness of the individual. GA randomly generates a population of individuals to
search in the solution space at first, focuses on the promising solution areas via genetic
operators gradually, and finally converges to the global optimum.

Definition 1. An unconstrained global optimization problem is solving the following
continuous objective function:

maximize f(x), subject tol <x<u
where | < x < u defines the function domain, i.e. the solution space.

T.P. Runarsson et al. (Eds.): PPSN IX, LNCS 4193, pp. 172-[I81] 2006.
(© Springer-Verlag Berlin Heidelberg 2006
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GA can fail to find the optima in some high-dimensional problems, because the size
of the solution space grows exponentially with the dimension of the problem. To reduce
the size of the solution space, a possible approach is dividing the original problem into
several sub-problems by its dimensions. Afterwards GA is applied to the sub-problems
to find their sub-optima separately. Finally the sub-optima are combined as the optimum
of the original problem. Since a sub-problem has fewer dimensions than the original
problem, its solution space is smaller than that of the original problem, so it is easier
for GA to solve.

The difficulty of this approach is that the dimensions of the problem are usually
interdependent on each other with respect to the fitness. In other words, the fitness of a
sub-solution for a sub-problem depends on the sub-solutions for the other sub-problems.
Suppose we have found the sub-optimum for a sub-problem, if the other sub-solutions
change, the original sub-optimum might not be optimal any more. Therefore, even if
we find the sub-optima for all the sub-problems, combining them does not give us the
optimum for the original problem.

We propose a new Genetic Algorithm based on Independent Component Analy-
sis (GA/ICA) to resolve this difficulty in this paper. We use Independent Component
Analysis (ICA) to find a set of components which are linear transformations of the
original dimensions. The components are independent from each other with respect
to the fitness, so the sub-solutions on the independent components do not affect each
other. Afterwards, the original problem is converted into a new problem defined on
the independent components. Consequently, we can decompose the new problem into
sub-problems by the independent components, and use GA to solve the sub-problems
separately. There are primarily three issues to be solved to make our algorithm work,

1. ICA is a statistical method while GA is an optimization algorithm. Therefore, we
need to transform the original problem into an equivalent new problem so that we
can apply ICA on it.

2. When we use GA to solve the sub-problems, we need to know their fitness func-
tions. However, we only have the fitness function for the original problem with all
the dimensions together. Therefore, we need to infer the fitness in the sub-problems
from the original fitness.

3. A solution could become a local optimum on a certain dimension when it cannot
increase its fitness in either direction along the dimension, so a single modal prob-
lem could induce multi-modal sub-problems. Therefore, we need to take extra care
when we apply GA on the sub-problems.

The rest of the paper is organized as follows. Section [2| reviews related work. Sec-
tion 3] described GA/ICA in detail. Section [] presents the experiment results on some
benchmark problems. Section |3 concludes the paper.

2 Related Work

Estimation of Distribution Algorithm (EDA) [6] is a branch of GA with statistical anal-
ysis. In each generation, EDA selects good individuals from the population, and learns
the distribution of these good individuals, then it generates a new population according
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to the distribution. In continuous domain, a Gaussian distribution is often used as the
distribution model of the individuals.

Univariate Marginal Distribution Algorithm (UMDA) [3]] is a kind of EDA. It as-
sumes that the variables of the individual are independent from each other with respect
to the fitness. Therefore, the joint probability density function is a product of Gaussian
distributions of variables as Eq.[Il where m is the number of variables, L; is the mean
of the ith variable, and o; is the corresponding standard deviation.

uld ud 1 LAy
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Univariate Marginal Distribution Algorithm with Independent Component Analy-
sis (UMDA/ICA) [[10] incorporates ICA into UMDA to resolve the interdependence
between the dimensions of the problem. In each generation, it uses ICA on the good
individuals to find the independent components of the original dimensions. Then it
transforms the population from the original space into the new space defined by the
independent components. Afterwards, it applies UMDA to the transformed population.
However, we think there are three disadvantages of UMDA/ICA. First, UMDA/ICA
uses only part of the population for ICA and UMDA, so it may not find the true inde-
pendent components and it loses the information contained in the rest of the population.
Second, the selected individuals are treated equally in ICA and UMDA disregarding
the differences between their fitness. Finally, it uses only crossover in the evolution on
each independent component, which may not be very effective for difficult problems.
[8] proposed a similar approach to UMDA/ICA. By applying ICA to the population, it
transforms the coordinate system of the solution space so as to increase the separability
of the fitness function, and then the component-wise crossover is applied.

3 Genetic Algorithm with Independent Component Analysis

UMDA is inappropriate for the problems whose variables are highly interdependent on
each other with respect to the fitness. To circumvent this restriction, an approach is to
linearly transform the original variables into a set of new independent variables so that
we can apply UMDA on the new variables. ICA is an appropriate method for this task.

3.1 Independent Component Analysis

Independent Component Analysis (ICA) [4]] is originally used as a data transforma-
tion method, especially for Blind Source Separation (BSS). Suppose we observe N m-
dimensional data x',r = 1,2...N, we try to find a linear transformation y = Wx, where
W is the demixing matrix, so as to make the variables y;,i = 1-- - m as statistically inde-
pendent from each other as possible. In BSS, we try to find the mixing model x = As,
where s is the recovered source signals and A is the mixing matrix. It is proved that y
equals s up to a multiplicative constant and permutation. The difficulty of ICA is that we
know neither A nor s. In statistics, the variables y1,y»,--- ,y,, are mutually independent,
if their joint density function can be factorized as Eq. 2l where p;(y;) is the marginal
density of y;.
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Suppose our optimization problem is as defined in Definition[Il For ICA to find the
independent components with respect to the fitness, we need to associate the fitness to
the probability density. Intuitively, we should have more individuals of higher fitness
than individuals of lower fitness. If the objective function f(x) has a lower bound L =
inf{f(x)|l <x<u}, we can define f'(x) = f(x) —L > 0 as the new fitness of the
individual. Further suppose [ f’(x)dx is the integral of f”(x) over the domain [/, u], then
g(x) as defined in Eq.[Blcan be treated as a probability density function as it satisfies the
two conditions following its definition.

g = ) Sk
JiF@dx f (f(x) = L)dx’

It is difficult to calculate g(x) because we do not have the analytical form of f(x) in
the integral. However, we can generate a new population of individuals whose distri-
bution roughly follows the probability density function g(x). Note that [, (f(x) — L)dx
is the same for the g(x) of all the individuals, so we have f(x) — L o< g(x). Therefore,
we replicate each individual x' for |C- (f(x' —L))| times, where C is an appropriate
constant to make C- (f(x' — L)) > 1. This way, the copies of the individual is approxi-
mately proportionate to its density of g(x). Then we apply ICA on this new population
to find the independent components satisfying the statistical independent equation Eq.
Bl where g'(s) is the joint density function defined on the independent components and
gi(s;) is the univariate marginal density function, which can be treated as the implicit
fitness function defined on the ith independent component.

where g(x) >0 &/lug(x)dx =1 3

¢(x) = g(As) = ¢'(s) =ﬁlg§<s,-> 4

GA/ICA uses ICA in a different way than UMDA/ICA does. First, it uses all the
individuals in the population for ICA. Second, it uses the fitness of the individuals for
the probability densities in ICA.

3.2 Algorithm

GA/ICA consists of two stages. In the first stage, GA/ICA samples a large population
of individuals uniformly in the solution space. Then it uses ICA on the population to
find the independent components. In the second stage, GA/ICA actually evolves the
population to find the solution. It projects the population on the independent compo-
nents and gets one 1-dimensional sub-population on each independent component, so
it is able to evolve on the independent components separately. The basic steps of the
second stage are shown in Algorithm [I] with the independent components as the in-
puts. At first GA/ICA randomly initializes a new population, evaluates the fitness of
its individuals, and remembers the best individual in the population. Then it evolves the
population for at most 1000 generations. In each generations, it runs the following steps
until termination,
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1. First we need to decide which genetic operator to use mostly in the current gen-
eration. Usually, crossover shrinks the solution area covered by the population,
while mutation makes the population explore a large solution area. Because a single
modal problem could induce a multimodal sub-problem on an independent com-
ponent, we use the mutation as the primary genetic operator. When the best-so-
far individual has not been improved for a relatively long time, we switches to
crossover to focus on the neighborhood of the best-so-far individual. On the con-
trary, UMDA/ICA uses crossover only.

2. We project the population in the original space into the new space defined by the
independent components according to the ICA demixing formula y = Wx. Then we
divide the population by the independent components into m 1-dimensional sub-
populations.

3. In the function estimatePop, we estimate the new fitness of the 1-dimensional in-
dividuals in the sub-populations. The new fitness in stead of the original fitness is
used in the evolution later. We will explain this in detail in Fitness Estimation.
However, UMDA/ICA uses the original fitness directly in UMDA.

4. On each of the independent components, we sample a new I-dimensional sub-
population out of its corresponding 1-dimensional sub-population via the genetic
operator we have chosen in step 1. The details of the function icaSample are de-
scribed in Independent Component Sampling. This step is totally different from
UMDA.

5. After completing the evolutions on all the independent components, we combine
all the new 1-dimensional sub-populations into a new m-dimensional population.
Then we project the new population back into the original space using the ICA
mixing formula x = As, and evaluate the fitness of its individuals.

6. Finally, we check how many generations the best-so-far individual has not been
improved for. If the number is larger than 50, we terminate the program and return
the best-so-far individual.

Fig.illustrates combining the 1-dimensional sub-populations into a m-dimensional
population. On the left, each row of the table is a sub-population. The individuals in
the ith 1-dimensional sub-population are denoted as {s},s7,---,s}. On the right, each
column of the table is a m-dimensional individual. The jth individual in the population
is denoted as (ss3---s%)". Now we elaborate on the functions of estimatePop and
icaSample.

T 2 ... N T2 N
S% Sé S]lv S% S% S]lv
S) 85 5 21521 152
shosa s shls2 ||

Fig.1. Combine the 1-dimensional sub-populations into a true m-dimension population. Row
vectors on the left table are the 1-dimensional sub-populations. Column vectors on the right table
are the individuals in the population.
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Algorithm 1. Evolution with the Independent Components
Input: W, A
Output: bestind
pop < initPop();
fithess « evaluate (pop);
bestind «+ bestFunc (pop, fitness) ;
for gi — 1 to 1000 do
[pop, genOp ] <+ checkOp (bestind, pop, fitness, stagnancy) ;
icaOldPop +— W x pop ;
for di — 1 to dim do
[icaPop,;, icaFit;;] < estimatePop (icaOldPop,;, fithess, icaPop,;,
icaFity;) ;
icaNewPop,;; < icaSample (icaPop,, icaFit;;, genOp);
end
pop < A x icaNewPop ;
fitness « evaluate (pop);
[stagnancy bestind ]« checkState (pop, fitness, bestind) ;
if stagnancy > 50 then
break;
end
end

Fitness Estimation. When we perform GA on the 1-dimensional sub-population on
the independent component s;, we need to know the fitness of its 1-dimensional indi-
viduals. UMDA/ICA uses the fitness of the original individuals for evolution, i.e. f(As).
However, f(As) does not only depends on s;, but on the other independent components
as well, so f(As) is not the true measure of the goodness of the 1-dimensional individ-
uals on s;. The ideal measure should be g/(s;) in Eq.[dl The difficulty of this measure
is that all that we have is g’(s), while gi(s;) is only an implicit term. However, in ICA,
theoretically, we can calculate the marginal density function p;(y;) in Eq.[2las in Eq.[5
where —i represents the dimensions other that i.

pi(yi) = /l _7ip(y—iyi)dy—i 5)

Similarly, we have the theoretical and empirical formulas for calculating g'(s;) as
Eq. [ where S; is the set of individuals whose ith variables equal s;. The problem is
that we do not have many individuals which have the same s; value, especially in high-
dimensional space. Therefore, we have to take the nearby individuals into account as
well, calculate the average of their fitness, and give bigger weight to the nearer indi-
viduals. This method results in a Parzen window like regression in Eq. [/l where o is
the average distance between the individuals and their nearest neighbors. In this way,
GA/ICA is able to estimate the fitness of an individual in a sub-population as in the
estimatePop function in Algorithm[1l

u_; 1 i
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Independent Component Sampling. The central part of GA/ICA is generating new
1-dimensional sub-populations on the independent components. EDA samples new in-
dividuals from the distribution model of the previous individuals. However, GA/ICA
does not build such a distribution model. It generates new individuals by applying ge-
netic operators to the previous individuals directly. The function independentSample in
Algorithm[IIfollows the basic framework of GA except the part of individual evaluation
(because it cannot evaluate individuals of only one dimension). In addition, it has some
advantages over GA, including adaptive genetic operators, fitness prediction and high
population diversity.

At first, it calculates the average distance of the individuals to their nearest neighbors,
i.e. 0, which is used as the parameter to control the scale of crossover and mutation.
In the initial population, the individuals are randomly generated in the whole solution
space, so o is relatively large. As the population converges, ¢ drops gradually. With
this method, crossover and mutation of GA/ICA adapt to the current sub-populations.
Then it runs the following steps iteratively:

1. GA/ICA uses the tertiary-tournament. It randomly selects three individuals, uses
the best two individuals for crossover and mutation, and replaces the worst individ-
ual with the offspring.

2. GA/ICA then generates two random numbers. One number follows the Cauchy dis-
tribution, while the other number follows the Gaussian distribution. GA/ICA uses
the Gaussian random number for crossover. Cauchy distribution has bigger tails
than Gaussian distribution. GA/ICA uses the Cauchy random number for mutation
to make it more likely for the offspring to jump out of the local optimum [9].

3. In each generation, GA/ICA chooses crossover or mutation as the primary genetic
operator in the current evolution. When it chooses crossover, independentSample
does two crossovers of opposite directions and one mutation, so it makes the pop-
ulation converge. When it chooses mutation instead, independentSample does two
mutations of opposite directions and one crossover, so it keeps the individuals
search in different solution areas.

4. GA/ICA cannot evaluate the fitness of the offspring candidates directly because
they are of only 1 dimension. Instead, it uses the Parzen window like regression, as
described in the function estimatePop, on the current sub-population to predict the
fitness of the candidates. Then it chooses one of them as the offspring probabilis-
tically, with bigger probabilities given to better candidates. This technique enables
it to search in more promising directions and avoid wasting evaluation time on bad
candidates.

5. As discussed in Section [l the number of local optima could increase on an inde-
pendent component, so GA/ICA need to make the population diverse to search in a
large solution space. Before the offspring is actually put in the new sub-population,
it is adjusted to maintain the sub-population diversity. independentSample keeps
an ordered list of offspring already generated, and finds the location where to insert
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the new offspring. If the new offspring’s distance to either its pre-neighbor or next-
neighbor in the list is smaller than the current o, it is adjusted to make the distance
at least o if possible, otherwise as large as possible. In this way, the offspring are
pushed away from each other to maintain the sub-population diversity.

4 Experiment

In order to test the performance of GA/ICA, we used GA/ICA to find the global optima
of the following 7 testing functions.
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All the above functions are multlmodal functions with many local optima besides
the global optima. The functions of f; to f5 have 30 dimensions, and the functions of
f6 and f7 have 100 dimensions. The functions’ feasible solution spaces, global optimal
function values and the population sizes GA/ICA used are shown in Table[Il The ICA
algorithm we used was FastICA [3]]. Note that ICA did not know the original dimensions
of some functions are actually independent, so they sufficed to verify the capability of
ICA to discover the independent components.

Other researchers have also tested their algorithms on these problems, so we can use
their results directly for comparison. The algorithms that we compared ours to are:

fi=-
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Table 1. The Experiment Settings

Function|Function Space|Optimum |Pop Size
fi | [=500,500° | 12569.5 | 200
o |[[-5.12,5.12P° 0 400
7 32,32 0 400
f1 | [-600,600]%° 0 400
fs [-50,50]°Y 0 200
T [0,7]"0  199.2784 | 600
fr [-5,5]100  [78.33236] 600

Table 2. Experiment Results

Test |Mean number of function evaluations Mean function value (standard deviation)
function|OGA/Q| CGA | FES | GA/ICA |OGA/Q CGA FES GA/ICA

1 1302,166|458,653|1900,030| 34,420 |12569.45 8444.76 12556.4 12569.47

> |224,710(335,993|500,030| 56,760 (O -22.97 -0.16 -4.24%107%

f3 |112,421]336,481[150,030| 44,400 [-4.44x10~1°]-2.70 -1.2x1072 [-5.0x107°

fa |134,000{346,971|200,030| 45,160 [0 -1.26 3.7x107% |-1.4x10°8

fs  |134,556]346,800[150,030] 26,840 |-6.02x107° |-3.74x10"1{-2.8x107° |-1.40x10~3

fe  |302,773|338,417| NA 115,020 |92.83 83.27 NA 97.61

f7 |245,930(268,286| NA 86,220 |78.31 59.05 NA 78.33

1. Orthogonal Genetic Algorithm with Quantization (OGA/Q) [7]: OGA/Q uses or-
thogonal array to generate the initial population and the offspring in crossover.

2. Conventional Genetic Algorithm (CGA) [7]]: This is the conventional Genetic Al-
gorithm, with standard random initialization, crossover and mutation.

3. Fast Evolution Strategy (FES) [9]: FES is ES but with Cauchy mutation.

Table Dl shows the experiment results. We performed GA/ICA on each of the test
functions for 10 runs. For each test function in the 10 runs, we recorded the mean
number of the function evaluations, the mean function value of the best individuals
and their standard deviation. As described in Section 3.2] we randomly sampled and
evaluated 20,000 individuals before the evolution, and then we used FastICA to find
the independent components. The 20,000 individuals were not counted in the mean
number of the function evaluations, but the good ones among them were not used in
the evolution either. In the future work, GA/ICA may use these 20,000 individuals in
evolution, as ignoring them would be a huge waste of computation.

For all the test functions except f5, where FES obtained slightly better solution than
OGA/Q, OGA/Q and GA/ICA outperformed CGA and FES in terms of the function
values of the solutions and the numbers of the function evaluations. For the functions
f1, fs, fo and f7, GA/ICA produced better solutions than OGA/Q. For the functions
f2, f3 and fa, the solutions of GA/IGA were slightly worse than those of OGA/Q.
While for all the test functions, the numbers of the function evaluations that GA/ICA
used were significantly less than those used by OGA/Q. Therefore, the results verified
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that GA/ICA was able to produce optimal or close-to-optimal solutions better than or
comparable to those of OGA/Q while requiring much less function evaluations.

5 Conclusion

We have proposed GA/ICA as a new GA employing ICA to solve unconstrained con-
tinuous global optimization problems in this paper. It first uses ICA to identify the
independent components of the solution space with respect to the fitness, then it divides
the population into sub-populations and evolves on the independent components sepa-
rately, finally it combines their optima as the global optimum for the original problem.
As the high-dimensional problem is divided into many 1-dimensional sub-problems, the
solution space is exponentially reduced, so the problem becomes easier for GA to solve.
The experiment results showed that GA/ICA required much less function evaluations
to produce optimal or close-to-optimal solutions which are better than or comparable to
those produced by OGA/Q on the benchmark problems tested in this paper.
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Abstract. This paper presents a technique called Improved Squeaky Wheel Op-
timisation (ISWO) for driver scheduling problems. It improves the original
Squeaky Wheel Optimisation’s (SWO) effectiveness and execution speed by
incorporating two additional steps of Selection and Mutation which implement
evolution within a single solution. In the ISWO, a cycle of Analysis-Selection-
Mutation-Prioritization-Construction continues until stopping conditions are
reached. The Analysis step first computes the fitness of a current solution to
identify troublesome components. The Selection step then discards these trou-
blesome components probabilistically by using the fitness measure, and the Mu-
tation step follows to further discard a small number of components at random.
After the above steps, an input solution becomes partial and thus the resulting
partial solution needs to be repaired. The repair is carried out by using the Pri-
oritization step to first produce priorities that determine an order by which the
following Construction step then schedules the remaining components. There-
fore, the optimisation in the ISWO is achieved by solution disruption, iterative
improvement and an iterative constructive repair process performed. Encourag-
ing experimental results are reported.

1 Introduction

Personnel scheduling problems have been addressed by mangers, operational re-
searchers and computer scientists over the past forty years. During this period, there
has been a wealth of literature on automated personnel scheduling including several
survey papers that generalise the problem classification and the associated approaches
(Burke et al., 2004; Ernst et al., 2004).

In brief, personnel scheduling is the problem of assigning staff members to shifts
or duties over a scheduling period (typically a week or a month) so that certain con-
straints (organizational and personal) are satisfied. The scheduling process normally
consists of two stages: the first stage involves determining how many staff must be
employed in order to meet the service demand; the second stage involves allocating
individual staff members to shifts and then assigning duties to individuals for each

* Authors are in alphabetical order. Please send all correspondence to Jingpeng Li.

T.P. Runarsson et al. (Eds.): PPSN IX, LNCS 4193, pp. 182 —[[91], 2006.
© Springer-Verlag Berlin Heidelberg 2006
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shift. Throughout the process, all industrial regulations associated with the relevant
workplace agreements must be complied with.

Since personnel scheduling problems are general NP-hard combinatorial problems
(Garey and Johnson, 1979) which are unlikely to be solved optimally in polynomial
time, various methods such as local search-based heuristics (Li and Kwan, 2005),
knowledge based systems (Scott and Simpson, 1998) and hyper-heuristics (Burke,
Kendall, and Soubeiga, 2003) have been studied. Over the last few years, meta-
heuristics have attracted the most attention. Genetic Algorithms (GAs) form an im-
portant class of meta-heuristics (Aickelin 2002), and have been extensively applied to
personnel scheduling problems (Aickelin and Dowsland 2000 & 2003; Aickelin and
White, 2004; Easton and Mansour, 1999 Li and Kwan, 2003; Wren and Wren, 1995).
A number of attempts have also been made using other meta-heuristics (Shen and
Kwan, 2001; Aickelin and Li 2006). The methods and techniques that have been used
over the years to tackle personnel scheduling problems have tended to draw on prob-
lem-specific information and particular heuristics. In this paper, we are trying to deal
with the goal of developing more general personnel scheduling systems, i.e. a method
which is not designed with one particular problem in mind, but is instead applicable to
a range of problems and domains.

The work that is presented here is based on the observation that, in most real world
problems, the solutions consist of components which are intricately woven together.
Each solution component, e.g. a shift pattern assigned to a particular employee, may
be a strong candidate in its own right, but it also has to fit well with other compo-
nents. To deal with these components, Joslin and Clements (1999) proposed a tech-
nique called Squeaky Wheel Optimisation (SWO), and claimed it could be a general
approach for various combinatorial optimisation problems. In this paper, we analyse
the limitations of the original SWO and revise it by incorporating some evolutionary
features into the searching process. We term the revised version the improved SWO
(ISWO). Its general idea is to break a solution down into its components and assign a
score to each by an evaluation function working under dynamic environments. The
scores are employed in two ways: first as fitness values which determine the chances
for the components to survive in the current solution, and the